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ξi,t

< S BDC2ZM>=< pDGqU <0<�YN>EBMBM>E<&QE>=BDC�@0A=>=<�ZoVÇA=Q G @uC&CuÍ·?�>
σi,t

{ r B�C�>=L�i S Z�;=LN>
>=<cCl< G B�<�?�>=@cC�>
ZM> p AEBMA=@ G LNY\C�A
<0Y U BM>
? G @uC�YN>�<�> U LN>=in>=BDClZ�>=<5` S Û·>ELN<�ZoV U B-` S YN<0YNB G�p >�< U�X YN<0<0>=BDC U BM>
ZMAEQ=@ S YN<0< G BMQ=>!ZM>�L G Ð UMS @0>=<0Q=>=BMQ=>�>�ClZ�V GqU CR@�>=<lB S Bo{�f&B¸>�ó½>_CÕd$? S�U @ U BÔC�>=L�Q G <lZ�>(Ü p�U @0>�d S B¸?�> U C
>=<cC�YNin>=@ U BM>2iÈß=in>&` G LN> U @�Z�>

λ
? S�U @�C S�U <*LN>=<�` S Û·>ELN<=d�>_C S B!>=<cC�YNiÈ>

αi = 0
? S�U @oC S�U <*LN>=<�` S ÛM>=LN<*B�>

< UMX YN<�< G BaC�? G < U B�>5C�>=LÉLN>�Z�A=Q=@ S YN<�< G B�Q=>lZM>lL G Ð UMS @�>=<0Q=>=BMQE>�>_C S B S�X CRYN>=BDC U B�>�>=@0@�> U @2ZoV G�ÊuU <uCR>=iÈ>=BaC
iÈYNB�YNi G LÉ> Ù ? S�U @u` U j U >^LN>m?M@ S Q=>=<0< U < G Y\C5Q S Ba`a>=@ p Al`a>=@0<�LN>=< X�S B�BM>=<2` G LN> U @�<�ZM>=<�? G @ G in;_C�@�>=< X YN>EB
>=BDCR>=BMZ U Ú {

e �����G ��·���$���º~��$�T�*���Õ�.)����¢"*��~��& 'Ea�E~���� )*�� '�D)FE·� �
Ý VÇ>=<cC�YNi G C�Y S BtZ�>=<^? G @ G iÈ;�C�@�>=<

αi
d
λ
>_C
βi, Ù i = 1, · · · , N Ú @�>_`·YN>EBDC G L S @�<mÎÆiÈYNB�YNiÈYN<0>=@

U BÔQ=@�Y\C�;E@�>(@ S�XMU <cCR>mZ�>^CKÍM?�>�ü g zì>E<uCRYNi G C�> U @uýmZM>
L G O S @�iÈ>nð
N∑

i=1

T∑

t=1

ρ
(yi(t)− αi exp(−λt)− βi

σi,t

) Ù w�{ 8 Ú
S�Ï

σi,t
< S BaClLN>=<lA=Q G @uCR<uz.CKÍ·?�>=<�ZM>=< S�X <0>=@u` G CRY S BM<

yi,t
{ á BÔ< U ?�? S <0>
j U >

σi,t ≡ σi Ù YW{ >�{ S BÔ< U ?�? S <0>U BÔ<0> U LoA=Q G @uC�zWCuÍ·?�>
? G @�` S Û·>=L�? S�U @5? S�U ` S YN@�LWVÇ>=<cC�YNiÈ>E@ Ú {
10 �GÀ�º´Å(Íh�����´Á�����Ê���¼´¼½���Æ��Ê����5����Â����9����¿?���XÈZÂ»��À�Å9Ì�¦7Å3�X���9��¼���À��Æ�#Ê�ÅÆ���X���9�F�TÁ��?��¿?��kô�T¿?�?���l�Ã�T�F���?�T�T�2���9�2�G������Â����9�T�Ä���ÅÆ��� �1�G��Å3Í�À��LÄ��������G�skô¿Æ������¼½���?�5Â»¿?�?����ÅÆ�G��ÁÃ���QÀ��uÐ2¿?Àl�?���hÅ3�&���9��¼<�hÀ��,�]�Ã�XÀ��9kô¿?��ÊVÌr�]���Q�#¿��9��À;�7Ä����9Åm�n�hÅ3���������������?�5Ê9¿?��ÂÈZÀ�ÅZ�G������Â������T�2Ä#��ÅÆ�T�£�$����Å3ÍhÀ��F���9Í��;�T�����?�����9�FÊ9ÁUÂ��T¿#���T��ÅÆ��Â»�F�;¼<�4¿?����ÅÆ�?���FÊ9�2À�ÅwÑ���¿Æ�T���TÂ»����Â»�Æ�Æ��ÅÆ��Ê��;�5Ä��9�2À�����?¿y�9��À��XÄ#���Åm�@��Å3�����������9���?��ÅÆ�Skô¿#��Ê��T��Í��;�T�����?�(���9�½Ê9ÁUÂ��T¿#���T��ÅÆ��Â»�½Ê9�½À;Å%Ñ���¿Æ�T���TÂ»����Â»�½Ä����k���G�(�9Á��?À;�£�?��Å3Í�À��ÆÌ q �Ø�T����������Ê9��Å%��À������Å3��ÊËÈ´���í�T��À��»�D¿?���#�Ã�T��Å½Â»¿?¼´¼½���?�D¿?���4�����FÀÎ
 ÅÆÊ��T���T�����DÂ»�wkúÅrÉ»¿?�ÇÁ�À�Á��?ÅÆ�?���
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ä�S iniÈ>6Z G B�<mL G < SDU <czì<0>=Q_C�Y S B�?M@�A=QEA=ZM>=BaC�>�d S B�AEQ=@�Y\C(LÉ>=<mA=j U�G C�Y S B�<mZ�V S ?�C�YNi G LNY\C�A6>_C S B�ZMAE@�Y\`a>6LN>
<0QR:MA=i G Y\CRA=@ G C�YNOTZoVÇ>=<cCRYNi G C�Y S B[Z�>=<�? G @ G in;_C�@0>=<

αi
d
λ
>�C
βi
Q S iÈin>(< U Y\C�ð

αki =

∑T
t=1 w

k−1
i,t (yi(t)− βk−1

i )
∑T

t=1 w
k−1
i,t exp(−λk−1t)

N∑

i=1

T∑

t=1

wk−1
i,t t αki exp(−λkt) =

N∑

i=1

T∑

t=1

wk−1
i,t t (yi(t)− βk−1

i )

βki =

∑T
t=1 w

k−1
i,t exp(λkt)(yi(t)− αki exp(−λkt))

∑T
t=1w

k−1
i,t exp(λkt)

Ù w�{ y Ú
S�Ï

wk−1
i,t = w

(yi(t)− αk−1
i exp(−λk−1t)− βk−1

i

σi

)
exp(−λk−1t)

FTS�U @�Q=>(j U Yo>=<cC�Z�>(L G iÈYN<0>
Î ÊuS�U @�ZM>
λ
dMQ=>ELNLN>_zìQ=Y�>=<cC�Z S BMB�A=>(ZM>(O Gqí=S BÔYNiÈ?�LNYNQ=Y\C�>
? G @�LWVÇA=j U$G C�Y S B

N∑

i=1

T∑

t=1

wk−1
i,t t αki exp(−λkt) =

N∑

i=1

T∑

t=1

wk−1
i,t t (yi(t)− βk−1

i )

Q=>ªj U YD@�>�`·YN>=BDC Ù Q S iniÈ> S B G ZMA Ê Î�> U LWV S Q=Q G <�Y S B�ZM>ªLWVÇ>_Û·?MLÉYNj U >=@�?�L U <�: GqU C Ú Î�iÈYNBMYNinYN<0>=@�L G O S BMQ_C�Y S B
U B�YNZMYNin>=BM<0Y S B�BM>=LNLN>

ψ(.)
< U Y\` G BaC�>Èð

ψ(x) =
( N∑

i=1

T∑

t=1

wk−1
i,t t αki exp(−x t)−

N∑

i=1

T∑

t=1

wk−1
i,t t (yi(t)− βk−1

i )
)2

>=B U C�YNLNYN< G BaC U B G L p�S @�Y\C�:�iÈ>�<uC G BMZ G @�ZhZ�>!iÈYÉBMYNiÈYN< G CRY S BtZM>!O S BMQ_C�Y S BM< U B�YNZMYNiÈ>EBM<0Y S BMB�>=LNLN>=<^<cC�@�YÉQ_z
C�>=in>=BDClQ S BD`a>_ÛM>=<E{

gtG LN:M> U @�> U <�>EiÈ>=BaCÕdaLN>�<0QR:MAEi G Y\C�AE@ G C�YNO Ù w�{ y Ú j U Y U C�YNLNYN<0>lÎ
L G O S YN<2LWVÇYNBMO S @�i G C�Y S BÆ<0? G C�Y G LÉ>
>_C^LWVÇYNBMO S @0i G C�Y S B-CR>=iÈ? S @�>=LNLN>
Z U <0Y p B G L�<0? G CRY S zWC�>=in? S @�>=L

y
?�> U C�Z S BMB�>=@�ZM>E<�>E<uCRYNi G CRY S BM<�Ü�B G LN>=<

ZM>
αi
d
βi
>�C
λ
j U Y&< S BDC
C�@�;=< X Y G YN<�AE>=<E{ ä >_C�C�>n@�>=i G @�j U > G A_CRAÈQ S BMÜ�@�inA=>È? G @(LN>E<
>_Û·>=in?MLN>=<
B U z

iÈAE@�YNj U >=<�j U V S B G @0A G LNYN<0A=<l< U @�ZM>=<�Z S BMB�A=>=<�<cÍ·BaC�:MA_CRYNj U >E<�ZM>
<0YNi U L G C�Y S B¸ZM>�<0Y p B G�U ÛÔYN<0< U <�ZoV U B
iÈßEiÈ>�` S YN<0YNB G�p >È<0? G CRY G L&>_C�<0>ÈQ S in? S @cC G BDC�ZM>ÈO Gqí=S B�<0YNiÈYNL G YN@�> GqU Û�<0Y p B GqU Û�YN<0< U <(Z�>ÈL G `·YNZMA S z
iÈYNQE@ S <0Q S ?�YN>mZM>mÐ UMS @�>=<0Q=>=B�Q=>�{Mf�B->�ó�>�CÕd S B G Q S BM<cC G C�Amj U >mL S @�<0j U >m<0> U LÉ>=iÈ>=BaC U BM>(?�>_C�Y\CR>m? G @cC�YN>
Ù Z�YN< G BDClL G iÈYNB S @�Y\CRA Ú ZM>=<�<0Y p B G�U Û[ZoV U BÔiÈß=in>m` S YN<0YNB G�p >
<0? G CRY G L�< UMX YÉ<�<0>=BaC U BM>
ZMA=QE@ S YN<0< G BMQ=>
Z�>
L G Ð UMS @0>=<0Q=>=BMQE>�d G L S @0<�LN>�? G @ G in;_C�@0>

λ
>=<cC!< S�U `a>EBDC�>=<cC�YNiÈAÆÎ

0
{ r BM>�@ G YN< S B÷Î[QE>=L G >E<uC�j U >nLN>=<
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ü g zì>=<cC�YNi G C�> U @�<cý5< S BDC�Z�>=<ª>=<cC�YNi G C�> U @�<ªj U Y�Q S BD`a>=@ p >=BDCª`a>=@0< U B�i G Û·YNi U i ZM>�L G ZM>=BM<0Y\CRA�Z�>�?�@ S z
X�G�X YNLNY\C�A�j U Y$>=<cC2L S Q G L�Î(L G < S L U C�Y S BnYNB�Y\C�Y G LN>�QR: S YN<0YN> Ù ä�S i G BMYNQEY U >_C G LW{Nd�wqx�xDw Ú æ0æE{ FTG @�Q S B�<�AEj U >=BaCÕd
<0Y S BtO S�U @�BMY\C GqU <�QR:�A=i G Ù w�{ y Ú U BM>!< S L U C�Y S BtYNBMY\C�Y G LN>�j U Y*<EVÇA=Q G @uC^C�@ S ?tZM>�L G `M@ G YN>�< S L U C�Y S B Ù YW{Ç>D{
LN>miÈYNB�YNi U i p L S�X$G L½ZM> Ù w�{ 8 Ú�Ú d G L S @�<5Q=>mZM>=@�B�YN>=@�<�>lC�@ S�U `a>mQ S YNB�Q=AmZ G B�< U B-i G ÛMYNi U i"L S Q G L½ZM>mL G
ZM>EBM<0Y\C�A(Z�>(?M@ SDX�GqX YNLÉY\C�A Ù U B[inYNBMYNi U iL S Q G L�ZM> Ù w�{ 8 Ú�Ú {

ãlS C�@�>�YNZ�A=> G L S @�<H? S�U @*O S @�Q=>=@TLN>�<0QR:MA=i G Y\C�A=@ G CRYNO Ù w�{ y Ú Îl<EV G ó�@ G BMQR:�YN@TZM>=<TinYNBMYNi G L S Q GqU Û
ZM> Ù w·{ 8 Ú >=<cC�Z�>�LN>�@�>=B�ZM@�>�i S YNBM<!<0>=BM<0Y X LN>ÞÎÔLWVÇ>=<cC�YNi G C�Y S B÷YNBMY\C�Y G LÉ>�ZM>E<�? G @ G iÈ;_CR@�>=< αi d βi >_C λ {FTS�U @�Q=>=L G d S B U CRYNLNYN<0>
Z�> U ÛÔ?M@ S ?M@�YNA_CRA=<�ZM>=<lZ S BMB�A=>=<�Z S BDC S B¸ZMYN<0? S <0>nð$LN> U @�@�>EZ S B�Z G BMQE>
<0? G CRY S z
C�>=in? S @0>=LNLN>(>�C�LN> U @5?M@ S Ü�L�C�>EiÈ? S @�>=LoZ�A=Q=@ S YN<0< G BDC�{

FTS�U @�Q=>¸O G YN@�>�dª< S Y\C
w(·) L G O S B�Q_C�Y S Bº? S YNZ�<nQ S @�@�>=<0? S BMZ G BDCÞÎ U BM>ÔQ=>E@uC G YNB�>ÔO S B�Q_C�Y S B

ZoVÇYNBMÐ U >=BMQ=>�@ S�XMU <cC�>
ρ(·) { á BÈ?�@�>=BMZ w(·) Q S BMO S @0iÈA=in>=BDC GqU ÛÈ? S YNZ�<�ZM>�9 UMJ >_Í Ù ` S YN@�LWV G BMB�>_Û·>�k Ú d

>_C S B[Z�A�Ü�B�Y\C
w∗(·) < G O S BMQ_C�Y S B[? S YNZM<�Q S iÈ?MLNAEiÈ>=BDC G YN@�>
Q S iÈin>(< U Y\C!ð

w∗ =





[1− ( ec )
2
]2
, |e| > c

0, |e| ≤ c
S�Ï

c = 4.685
dM>=BM< U Y\C�>�d S B[<�>(Z S B�BM> U B-? G @ G in;_C�@�>(ZM>^C�>=in?M<

t∗ Ù ? G @�>_Û·>EiÈ?MLN> t∗ = T
6 Ú æ �^>_C S Bi S ZMYîÜ�>
LN>(<0QR:MAEi G YîC�A=@ G CRYNO Ù w�{ y Ú Q S iniÈ>
< U Y\C!ð

αki =

∑T
t=1 w

k−1
i,t (yi(t)− βk−1

i )
∑T

t=1w
k−1
i,t exp(−λk−1t)

N∑

i=1

T∑

t=1

wk−1
i,t t αki exp(−λkt) =

N∑

i=1

T∑

t=1

wk−1
i,t t (yi(t)− βk−1

i )

βki =

∑T
t=1 v

k−1
i,t exp(λkt)(yi(t)− αki exp(−λkt))

∑T
t=1 v

k−1
i,t exp(λkt)

Ù w�{�� Ú
S�Ï LN>=<l? S YNZM<

wi,t
>_C
vi,t

>�ClLWV S @�ZM@�>!ZM>�iÈYN<0>!Î ÊuS�U @�Z�>=<�>=<cC�YNi G C�Y S B�<�Z�>=<
αi
d
βi
>_C
λ
< S BDC^ZMA=Ü�BMYN<

Q S iniÈ>
< U Y\C�ð
v { ] V GqX�S @0Zod S B
>=<cC�YNiÈ>

β0
i

? S�U @�C S�U C
i = 1, · · · , N Q S iÈiÈ>�< U Y\Cªð

β0
i := medianet=1,··· ,T {yi(t)}

w�{ á BÔ? S <0>
λ0 = 0

11 ¿?�ËÊ9�wkúÅrÉ»¿?�ÇÁ�Ä����£�3ÅÆÀ����?���Æ���?�Ã���D���Ë¼´�;����¼*��¼ À�¿�ÂÃÅÆÀ]Ê9�%�ÎÒ9Ì ÓM�
12 t2�I����À#�hÅ3��ÅÆ¼��»���T�íÊ����½È�À;Å�¼½Á»�.�9¿9Ê9�íÊK
 �������;¼´Å^����¿?�\�T¿?Í����G���ÇÄ��9�íÀ;Å�Â»¿?¼��4¿?�TÅÆ�?���§���¾�4¿?�9���?������À;À��í���Ç�T�����9�í����Æ��ÅÆ��Ê9�Å��ÅÆ�������ZÅÆ���Ç�;���G��ÅÆ�?���DÅ��ÆÅÆ�?� t∗ Ì
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�·{ á BÔQ G LNQ U LÉ>(LN>=<�? S YNZM<�YNB�Y\C�Y GqU Û
w0
i,t

>�C
v0
i,t

Q S iÈin>(< U Y\C�ð

ñ w0
i,t :=





w∗
(
yi(t)−β0

i
σi

)
,∀t ≤ t∗

w
(
yi(t)−β0

i
σi

)
,∀t > t∗

ñ v0
i,t := w

(
yi(t)−β0

i
σi

)
,∀t

�M{ á B�Q G LNQ U LN>
α0
i

>EB U C�YNLNYÉ< G BaC
L G ?M@�>=inYN;=@�>6O S @�i U LN>6Z U <0QR:�A=i G Y\C�A=@ G CRYNO Ù w�{�� Ú Q S iniÈ>6< U Y\Cnð
α0
i :=

PT
t=1 w

0
i,t(yi(t)−β0

i )
PT
t=1 w

0
i,tå { F&U YN<Ed�Î6QR: G j U >(Y\C�AE@ G C�Y S B

k + 1
d S BÔQ G LNQ U LN>(LN>E<�? S YNZ�<

wki,t
>_C
vki,t

Q S iÈin>(< U Y\C!ð

ñ wki,t :=





max
{
w∗
(
yi(t)−αki exp(−λkt)−βki

σi

)
, w
(
yi(t)−αki exp(−λkt)−βki

σi

)}
exp(−λkt),∀t ≤ t∗

w
(
yi(t)−αki exp(−λkt)−βki

σi

)
exp(−λkt),∀t > t∗

ñ vki,t := w
(
yi(t)−αki exp(−λkt)−βki

σi

)
,∀t
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$�èÃã;ó�ã;ì�à�é^â$û(â�ð7î�èÃÿÚÿZâTì9ð]ä�à÷ß�áTã;ó�â2âTìÇî�è»ÿ÷ß9ðQâ2æÃë$�èÃã;ó�ãåì�à�é3âFóQß#ù�îTãQàÃä#ß?â�ë?ðká�à¬|�èÃë?ðQâTá(æUâÚä�àZá�è^þTëÆóTðQâ�óGó�â(æ^à»ì�óFä$ê â�ó�ðôã;ÿZà�ðåãQè»ìµæ^âTóXß?àÃá�à»ÿ���ðåá�âTóÚæ^â(æUùTîTá�è»ãåó�ó�à»ì�îTâ�æ^â2ä�àW±!ë�èÃá�âTó�î�âTì�î�â�ü�!ìÇþ�ä�âTë´ä�âDó�ã�éÃì�àÃä4èÃáTã�é�ã;ì�à�ä &kâ�ìÊ$�â�á�ð!ä�âDÿZè�æ,��ä�âÚâ6+�ß?èÃì�âTì9ðåãúâ�ä9á�è^þTëÆóTðQâÚà¬|�ëÆóTðQù)&kâ�ð&âTìªÿZà�é^â�ì�ðQà(ä�âDó�ã�éÃì�àÃä4îTè»áTáTã�é^ù�üÔ�hâTó÷ÿZè»æy��ä�âTóâ6+�ß?èÃì�âTì9ðåãúâ�ä ó§à¬|�ëÆóTðñùTó´ó�èÃì�ðZõ(òñà�û

yx(t) = 1249.7 exp(−0.2333 t) + 626.0213 Ì òñþ$û yx(t) = 527.1540 exp(−0.2333 t) +

421.9424 Ì òñîñû yx(t) = 1634.5 exp(−0.2333 t) + 1058.8
ü7ÞXä�è»áTó�*Të]ê à�$�â�îZëÆì�ÿZè»æy��ä�â½æ^â½æ^ù�îTá�èÃã;ó�ó�à»ì�î�â½â6+�ß?èÃì�âTì9ðåãúâ�ä;ä�â,ä è»î�à�äß?èÃëÆá½î)(Æà,*�ë#â°$�è>+^â�ä &LèÃìIàÇâ�óTðåã;ÿZù,ëÆì�â´æUù�î�á�è»ãåóGó�àÃì�î�â,ì#ë?ä;ä�âíò0$Uè»ãåáW34é�ëÆáGâ<Õ3ülÕ3ü²ÖTû�&÷ä�âWF�à»ãôðDæ^â*ðQâTì�ã;á½î�èÃÿ÷ß9ðQâ½æ^â*ä�àÇî�è�(Æù�áGâ�ì�î�âóQß?à�ðåãQàÃä�âµà§ß#âTáTÿÚã;óËæUâíá�à�|�è»ë?ðñâTá,ß9ä ëÆóÇæ^â*ß�á�ù�îTã;ó�ãQè»ì â�ð,æUâíá�è^þTëÆóTðQâTó�ó�âµæ^àÃì#ó§ä$ê â�óTðåã;ÿZà�ðåãQè»ì�æUâ�óZß#à»á�àÃÿ���ðôáGâ�óÇæÃë\ÿZè�æ,��ä�âµæ^âæ^ù�îTá�èÃã;ó�ó�à»ì�î�â2â�+Tß#è»ì�â�ì�ðåãQâ�ä;ä�âÚæUâFä�à±!ë�è»á�âTó�î�â�ì�î�â»ü

r B¨C�>EL5<0QR:�A=i G <�Y\C�A=@ G C�YNOKd G YNBM<0YWd�ZoV G YNLÉLN> U @�<Ed�j U >-C S�U <nLN>=<�<0QR:MA=i G <�Y\C�A=@ G CRYNO�<n?�@�A=<0>=BDCRA=<nZ G BM<�Q=>
QR: G ?MY\C�@�>Dd3< S BDC5<cC S ?�?�A=<�ZM;E<�j U >^L G ` G LN> U @ GqX < S L U >^ZM>lL G ZMYNó�A=@�>=B�Q=>^>=BDC�@�>^LN>=<�>=<cC�YNi G CRY S BM<�Î!ZM> U Û
Y\C�A=@ G C�Y S B�<�< U Q=Q=>=<0<0Y\`a>=<!ZM>�QR: G j U >�? G @ G iÈ;_C�@0>�Z U i S ZM;=LN>�<0>�<0Y\C U >Æ>=BàZM>=<0< S�U <�ZoV U Bà? G @ G iÈ;_CR@�>
?M@0A_zì<0?�AEQ=YîÜ�A�{½f&BMÜ�Bod�LN>=<^Q S @�@�>=Q_CRY S BM<^Z�>=<^YNBaC�>=BM<0Y\C�AE<^<EVÇ>�ó�>=Q_C U >=BaCmQ S iniÈ>�?M@0A=Q=A=ZM>EiÈin>=BDC(ÎÆLWV G YNZ�>
ZM>
L G O S @�i U LN>Èð

yci (t) := yi(t) + ∆yi(t)
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S�Ï
∆yi(t)

>=<cC�L G ?�>=@uCR>mZM>mÐ U�S @�>=<0Q=>EBMQ=>
Î�LWVÇYNB�<cC G BDC�üìC0ý^? S�U @5LN>^` S Û·>=L
i
>_C�>=LNLN>
>=<cC�Z S BMB�A=>m? G @�L G

O S @0i U LN>
∆yi(t) = αi(1− exp(−λ t))

Ý�G Ü p�U @0>
2.4

i S BDC�@�>[< U @�C�@ S YN<È<0Y p B G�U Û¨A=QR: G BDC�YNLNL S B�A=<nZoV U B�>-<0A=j U >=B�Q=>[ZM>Æ`MYNZMA S zKiÈYNQ=@ S <0Q S ?MYN>
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σ2 Î
U B�>mQ=>=@uC G YNBM>l` G LN> U @Ed·? U YN< S B[<�YNi U LN>

L
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{

ñ f�BM< U Y\CR>�dM? S�U @5QR: G j U >m` S YN<0YNB G�p >Èð
ñ Ý >�B S i X @�>lZM>�<0Y p B GqU Û

n
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N − n <0Y p B GqU Ûh@�>E<uC G BDC�<mBM>6< U�X YN<0<0>=BDC(? G <

ZM>
ZMA=Q=@ S YN<0< G B�Q=>(Z�>(L G Ð U�S @�>=<0Q=>=B�Q=>�{
ñ Ý >�C GqU Û÷Z�>ÞZMAEQ=@ S YN<0< G BMQE>ÞZM>-L G Ð UMS @0>=<0Q=>=BMQ=>

λ
< U Y\C U BM>ÞL S Y U BMYNO S @�in>ÞQ S BDC�YNB U >

U [0, 1
3 ]
{

ñ Ý >=<(? G @ G in;_C�@�>E<
αi
>_C
βi
ZM>6QR: G j U >

i
zìYN;=in>�<0Y p B G LHZ U ` S YN<0YNB G�p >6< U Y\`a>EBDC U B�>�L S Y

U B�YNO S @�in>(Q S BaC�YNB U >
U [0, 2000]

á B6>=<0< G YN> G L S @�<&ZoVÇ>=<cC�YNin>=@HLN>�i S ZM;=LN> Ù w�{ å Ú ? S�U @TQR: G j U >ª` S YN<0YNB Gqp >5>=B U C�YNLÉYN< G BaC�LN>�<0QR:MA=i G Y\CRA=@ G C�YÉO
ZoVÇ>E<uCRYNi G CRY S B[@ S�X�U <cC�> Ù w·{�� Ú {5< S Y\C G L S @�< U BÞ` S YN<0YNB Gqp >
ZM>(<0Y p B GqU Û (yi(·))i=1,··· ,N

<0YNi U LNA=<�Q S iÈin>
S B�`·YN>=BDC5ZM>lLN>^ZMA=Q=@0YN@�> GqU ZM>=<0< U <Ed3>_C5< S YN>=BDC (

yci (·)
)
i=1,··· ,N

LÉ>=<�<�Y p B GqU Û�@�>=Q S BM<cC�@ U Y\C�<E{ á BÞQ G LNQ U LÉ>
G L S @0<�LWVÇ>=@�@�> U @5j U�G Z�@ G C�YNj U >(i S Ía>=BMB�>(< U Y\` G BDC�>nð

R(σ2) =
1

LNT

L∑

l=1

N∑

i=1

T∑

t=1

(
yi(t)− yci (t)

)2

σ2
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á B G¸S�X C�>=B UÀG L S @�<�? SDU @
N = 27

d
T = 120

< U @
L = 1000

Ê > U ÛàZM>Æ<0Y p B GqU Û�` S YN<0YNBM<�>_C6? S�U @
ZMYîó½A=@�>=BaC�>=<�` G LN> U @�<�ZM>

σ
LN>E<!Z�Yîó�A=@0>=BDC�>=<�` G LÉ> U @�<�Z�>ÆLWVÇ>=@�@�> U @!j U$G ZM@ G C�YNj U >Æi S Ía>=B�BM>

R(σ2)
j U Y

< S BDCl@�A=< U inA=>=<�Z G B�<�LN>^C G�X LN> GqU < U Y\` G BDC�ð
σ R(σ2)
1 9.9855
2.5 2.2706
5 1.3192
10 1.1149
20 1.0747
30 1.0829
40 1.0757
50 1.0880
75 1.1049
100 1.2399

ä >=<�@�A=< U L\C G C�<&<0Y p B�YîÜ�>=BaC�j U >5LWVÇ>=@�@�> U @&? S B�Q_C U >ELNLN> Ù YW{Ç>�{�Q S iÈinYN<0>�< U @ U BM>�Z S BMB�A=> G C S iÈYNj U > Ú j U V S B
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C�@ S ?6?�>_CRY\C&? G @H@ G ?�? S @uCªÎ^L G i S Ía>=B�BM>�Z U <0Y p B G LWd
σ ≤ 2

? G @H>_ÛM>=iÈ?�LN>�dqZ G B�<HLN>�Q G <&ZM>�B S <&Z S BMB�A=>=<
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ZoV U BÆCR>=@�iÈ>(ZM>^` G @0Y G BMQ=>Dd·>�C�j U�G BMZ

σ
>E<uC5C�@ S ?-?�>_C�Y\C�? G @�@ G ?�? S @cC�Î6L G i S Ía>EBMBM>(Z U <0Y p B G LWdMQDVÇ>=<cC
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N∑

i=1

wk−1
i Vi

( N∑

i=1

wk−1
i i2

)
ak +

( N∑

i=1

wk−1
i i

)
bk =

N∑

i=1

wk−1
i iVi

Ù w�{ v � Ú
>_C(? S�U @lBM>!? G < G ` S YN@mÎ�@�A=< S�U ZM@�>�ÎÆQR: G j U >!YîC�A=@ G CRY S B

k
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>_C
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?M@ S�X LN;=in>
Z U Z�A_C�>=@�inYNB G BaClB U L�j U Y�? SDU @�@ G Y\Cl<�>
? S <0>=@ Ú d S BÔQ S B�<�YNZ�;=@�>!ÎÈL G

?ML G Q=>(LN>
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ak =

∑N
i=1w

k−1
i Vi −

(∑N
i=1 w

k−1
i

)
bk−1

∑N
i=1w

k−1
i i

bk =

∑N
i=1w

k−1
i i Vi −

(∑N
i=1w

k−1
i i2

)
ak

∑N
i=1w

k−1
i i

Ù w�{ v � Ú
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i
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wk−1
i = w

(Vi − ak−1i− bk−1

σ

)

G `a>=Q
w(·) L G O S BMQ_C�Y S Bn? S YNZM<ªQ S @�@0>=<0? S B�Z G BDC�Î
L G O S B�Q_C�Y S B�ZoVÇYNBMÐ U >EBMQ=> ρ(·) { ä�S iniÈ>�LN>�i S BDCR@�>�Q=>

<0QR:MA=i G Y\C�A=@ G C�YNOKd S B G6X YN>EB X >=< S YNB[Z�>=<�>=<cC�YNi G CRY S BM<�YNBMY\CRY G LN>=<
a0 >_C b0 Z�> a >_C b @�>=<0?�>=Q_C�Y\`3>=iÈ>=BaCÕ{

ä >=LNLÉ>=<czìQ=Y�?�> U `a>=BDC�Z S BMQ
ß_C�@�>(Q G LNQ U LNAE>=<�ÎÈLWV G YNZM>
ZM>=<�O S @0i U LN>E<�< U Y\` G BaC�>=<
ð

a0 = mediane
i=1,··· ,N

{ Vi −medianej=1,··· ,N{Vj}
Ei −medianej=1,··· ,N{Ej}

}
, b0 = mediane

i=1,··· ,N

{
Vi − a0Ei

}
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t=1

ρ
(ycx(t)− µcx

σcx

)
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σcx
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{ á B�>EB�Z�A=@�Y\`a> G L S @�<!LN>n<0QR:�A=i G Y\C�AE@ G C�YNO�< U Y\` G BaC

?�>E@�iÈ>�C�C G BDC�LWVÇ>E<uCRYNi G CRY S BÔZM>
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ð
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wk−1
t ycx(t)
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wk−1
t
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wk−1
t = w

(ycx(t)− (µcx)k−1

σcx

)
, k = 1, 2, 3, · · ·
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< U Y\C�ð
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t=1··· ,T
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ycx(t)

}
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°*±G²´³!w�{ å ð`òñà�û�P�òñþñûÞ"&ùñéÃá�âTó�ó�ãúèÃìHä ãåì�ù�àÃã;á�âËá�è^þTëÆóTðQâ�æUâ�ó�|�âTë,+ æ^âµÿZèÃï3âTì#ì�â�óØâ�ð´æ^â�$�àÃáTãúàÃì�î�â�ó½ß?èÃëÆá æ^âTë,+Ió�ù�*�ë#â�ì�î�â�óØæ^â$�ãQæUùTè�PQÿÚãúî�áGèÃó�î�èTß#ãQâ æUâ�±!ë�èÃáGâ�ó�î�âTì�îTâ

3D + T
üÅ��â�óËÿZè�æ,��ä�âTó�æ^âØáGùñéÃá�âTó�ó�ãúèÃìHä ã;ì�ù�à»ãåáGâµá�è^þTëÆóTðQâ�âTóTðôã;ÿZùTóµó�èÃì�ðªõ´òñàTû

V =

0.591677E − 50.0451 Ì òñþñû V = 0.579375E − 47.5166 Ì òñîñû�P�òñæ�ûÊ/�ðQà^þTãôä ã;ó�àÃðôãúèÃìIæ^â,ä�àÊ$Uà»áTãQà»ì�îTâ½æ^à»ì#ó,ä â�ó*æ^âTë,+§ó�ù�*Të�â�ì�î�âTóæ^â�$�ãQæUù�è�PQÿÚãúî�áGèÃó�î�èTß#ãQâ�üQ�hâTó*æUâ�ëy+Å34éÃëÆá�âTó(ÿZèÃì�ðåá�âTì�ð�*�ë�â,ä àÊ$�àÃáTãúàÃì�î�â½æ^àÃì#óZä â�ó,æ^â�ëy+§ó�ù�*Të�âTì�î�âTó,àTß�á6��ó(ðôá�à»ì#ó�F�è»áTÿZà�ðåãQè»ìIâ�óTðæÃã;óTðåáTãQþTë�ù�âÚà�ß^ß�áGè>+�ã;ÿZà�ðåã²$UâTÿZâ�ì�ð7àÃë?ðQèÃëÆáÚæUâ
1
ü
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696×520×6
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3D + T
æ^â
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≈ 525MO
ûUü÷òñþñû<�hà*ÿ�¶�ÿZâ�ã;ÿZà�é^âàTß#á��TóDî�èÃáTá�â�î�ðåãQè»ì§æ�ê ãåì�ðQâ�ì#ó�ãåðQùFà�$�â�î7ß#áTãåó�â2âTì§î�èÃÿ÷ß9ðQâFæUâLä�à(î�è�(?ùTá�âTì�îTâ�óQß?à�ðåãúà�ä�â!&VóTðQà^þTãôä ãåó�àÃðôãúèÃì§æ^âLä�àu$�àÃáTãúàÃì�î�âFâ�ð�ó�è»ëÆóTðåá�à^î�ðåãQèÃìæÃë	F�è»ì�æ^ü



�2  øRù�Ñ�×�ØUP��!£���Ø è ×�Ø�øqÑ�×�P ë P�Ò$× é ùMø�×�Ñ�Ö �K×�P ë ù·Ö�ØUP?OFR�� ê Ò�P é=èy =ê P�Ò  P�R�P�ÓÕÑ�R è Ö � ë Ñ  Ø�Ö é  ÖRù�ÑTP �V�

�QÅM�

�ôÍ=�
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696 × 520 × 6
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i S ZM;=LÉ> Ù G ?�?�>=LNAE> gtG LNL S�1 <EV Cp Ú dghG LNL 1�S < G ` G Y\C2?�@ S Q=A=Z�A�Q S iÈin>�< U Y\Clð ] V G ?�@�;=<ªL G O S @0i U LN>�ZM>�Z�A=Q S iÈ? S <0Y\C�Y S B X Y G YN<czW` G @�Y G BMQE> Ù.òQò�Ú
Z U @0YN<�j U >�d U BM>
?M@ S Q=A=Z U @�>
ZM>
<0A=LN>EQ_C�Y S B¸ZM>
i S ZM;=LN>
YÉZMA G LN>�iÈYNBMYNinYN<0>=@ G Y\C G L S @�<�< U @ {Sm}m∈M L G
j U$G BDC�Y\CRAÈð

‖sm − s‖2Σ−1 +Dm =
(
‖sm − s‖2Σ−1 − ‖s‖2Σ−1 +Dm

)
+ ‖s‖2Σ−1 = −‖sm‖2Σ−1 +Dm + ‖s‖2Σ−1

S�U ZM>(O Gqí=S BÔA=j U Yî` G LN>=BDCR>�dML G j U�G BaC�Y\C�Anð

−‖sm‖2Σ−1 +Dm

S @=d�ZoV G ?�@�;=<�L G O S @�i U LN>(< U Y\` G BDCR>(ZMA=@0Y\` G BDClZM> Ù �·{ å Ú ð

E
[
‖ŝm

∥∥2

Σ−1 ] = ‖sm‖2Σ−1 +Dm

U BÔ>=<cC�YNi G C�> U @�< G BM< X Y G YN<�ZM> ‖sm‖2Σ−1

>=<cC�Z S BMQ

‖ŝm
∥∥2

Σ−1 −Dm

ZoV SDÏ LWVÇ>_ÛM?M@�>=<0<0Y S B-< U Y\` G BaC�>mÎ!inYNBMYNinYN<�>E@ Ù j U Y�>=<cC5LWVÇ>E<uCRYNi G CR> U @�< G B�< X Y G YN<�Z U @�YN<0j U > R(ŝm)
Î U B

C�>=@0iÈ> G Z�ZMY\C�YÉO*?M@0;=<�j U YoB�VÇYNBDC�>=@c`·YN>=BDCl? G <�Z G BM<�L G iÈYNB�YNiÈYN< G C�Y S B Ú ð

−‖ŝm‖2Σ−1 + 2Dm

5 �GÀX���G�´Ê��lÂ´ÂÃ�;À��ÇÊ9�íÊ�¿?���9�Ã�*���9�íÊ9Á�É���������¿?�·�?Á��9ÁÃ��ÅÆÀ��íÊ��¢¼*¿Æ�wÆGÂ»¿?¼���À������ ��Á>È��k¼´ÅÆ�;�,�����.�9ÁÃ¿Æ�����íÊ��í��Á�À���Â�����¿?�¢Ê9�¼½¿9Ê¾��À��?�kÀ�ÅØÂ�¿#¼���À��������TÁíÊ=
 ���\¼½¿�Ên��À��í�T�l�?����É��§��ÅµÂÃÅm�hÅÆÂÃ� ��ÁíÈË�T�����TÁ������?���Ã���Q¼½¿9Ê9Á�À��;���Ã�>�����I��������¼,Í�À��íÊ9�Ê�?��Â������9���Ê�Å?��� S �hÊ9�(�T¿Æ�����(Ä��=
 ���Ç�����T��¼ZÍ�À��Å�Æ��Å?��ÊÇÊ��Ú����À;�W�?��Â��T�������D��¼���À;��Ä��9�Z�����(Â»¿?¼���À������ ��ÁÅ�hÀ����9�?��ÅÆ��Ê9�
6 �����?¿?���D�����(À;���G���%�Q�9¿?�¾�ñ���n��Å?���G���£�?�,��Ê�ÅÆ���DÀÎ
 �;�Æ���T¿9Ê���Â�����¿#�ËÊ������TÁ����U�Æ�FÂ>��Åm�������T�
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S�U ZM>(O Gqí=S BÔA=j U Yî` G LN>=BDCR>�dMinYNBMYNinYN<�>E@5L G j U�G BaC�Y\C�Anð

‖ŝm − Y ‖2Σ−1 + 2Dm

Q=>!j U Y�@0A=< U L\C�>!>EB U BM>!O S B�Q_C�Y S BhZ�>!?�A=B G LNY\C�A!A pDG LN>�Î
2Dm

{ I L*>=<cCmQ=L G YN@lj U V U B�>(CR>=LNLN>!O S BMQ_C�Y S B¸Z�>
?�AEB G LNY\CRA�BM>lZMA=?�>=B�Z�? G <2Z�>�L G @�YNQR:�>=<0<0>�Z�>�L G O G inYNLNLN>lZM>li S Z�;=LN>=< {Sm}m∈M dDC�>=L�>=<cC�LN>�Q G < GqU <0<0Y? SDU @5Z�V GqU C�@0>=<�Q=@�Y\C�;E@�>=<�Q=L G <0<0YNj U >E< Ù k Icä d�P Icä d gh]mÝ dM>_CRQ�{={={ Ú {
Ý >�@�AE< U L\C G C¸j U >�B S�U <Ô?M@0A=<0>=BDC S B�<[Z G BM<ÔLN>�C�:MA S @�;=iÈ> Ù v Ú d�>_C¸j U >�B S�U <ÔB S�U <Ô>�ó S @�QE>=@ S BM<ÔZ�>
ZMAEi S BDCR@�>=@2C S�U C�Z G BM<5L G < U Y\CR>mZ�>mQ=>mQR: G ?MY\CR@�>m@0>=? S <�>(< U @ U BM>lCR:MA S @0YN> X YN>EB-< S LNYNZ�>mYNB�<0?MYN@�A=>(ZM>(L G
C�:�A S @�YN>5ZM>5<0A=LN>=Q_CRY S BÈZM>5i S Z�;=LN>5ZM>�P�YN@ p A�û ghG <0< G @uCÕ{�k U O G YîCÕd�YNL·?�>=@�iÈ>�C�ZM>5QR: S YN<0YN@ U BM>5O S @�in>�Z�>
L G ?�A=B G LNY\C�A

pen(m)
j U Y�?M@0>=BMZ¸>=BhQ S in?�C�>!L G @0YNQR:M>=<0<0>!ZM>�L G O G inYNLNLN>�Z�>�i S ZM;ELN>=< {Sm}m∈M d�>_CQ=>�dM? S�U @ pDG @ G BaC�YN@5j U >(LN>(@�YN<0j U >(Z�>mLWVÇ>E<uCRYNi G CR> U @5<0A=LN>EQ_C�Y S B�BMA

s̃
B�>(< S Y\C�? G <�C�@ S ? p @ G BMZ[Q S in? G @0A

GqU @0YN<�j U >mC�:�A S @�YNj U > Ù �·{ 8 Ú d�>_Cl? G @�LÉÎ·d$A_`·Y\C�>=@�ZM>
< U @uz G�ÊuU <cC�>E@5LN>E<�Z S BMB�A=>=<�< U @uC S�U ClZ G BM<�LN>
Q G <�Z�>
O G inYNLNLN>=<�Z�>(i S ZM;=LN>=< {Sm}m∈M C�@�;=<�L G @ p >=<E{

T�¦.T U ��'Ýó )*�½�c�#ì&����	�	$�&����#&	 ����'!� �0��	$#&�0��)����0���  ���� �( �ì��0�� !���!	 '!�
)*�� !���8/���'�	$	$�0���

¼�Ð6¼�Ð�Ï ô §¨©2°�§�¯¾¬�§$°t¶M°a¬�«Ô½�°�§¨©5³�¢�£�¤.¬W¦q³[õ Ñö³ Ñö÷
k�` G BDC2ZoVÇA=B S BMQ=>E@&LN>5?�@�>=iÈYN>E@TC�:�A S @�;=in>5?�>E@�iÈ>_C0C G BDCªLN>�QR: S Y\ÛÈZM>5L G O S @0iÈ>5Z�>5L G O S BMQ_C�Y S B

ZM>�?�AEB G LNY\C�A
pen(·) d�B S�U <�AEB S B í=S BM<�Z�V GqX�S @�ZÈLN>�LN>=iniÈ>�< U Y\` G BDCªZ S BDC2L G ?M@�> U `a>5?�> U Cªß_CR@�>�C�@ S�U `aAE>

Z G BM<�� P û g Ù wqxDxh� Ú d$P û g Ù wqxDxDy Ú�� d$>_Clj U Y�B S�U <�O S�U @�B�Y\C U BM>
YNB�A pDG LNY\C�A�d G ?M?�>=LNA=>
YNBMA paG LNY\C�A
Z�>
Q S B�Q=>=BDCR@ G C�Y S BàZ�> Ý�GqU @0>=BDC6û gtG <0< G @uC Ù wqx�x�x Ú d�j U YH` G B S�U <�<0>=@u`MYN@�? S�U @
L G Z�A=i S BM<cC�@ G CRY S BàZ U
C�:�A S @�;=in> v ð
B �! } �� �[ø ÖqÑ�×

V
ê Ò�P�Ó�ø�ØRÑ�ø]N#OúPÈøVO è ø�×.ÖqÑ�ØUP  =ê Ñ é_ê Ñ�× ê Ò

χ2(D) ®	ù O\Ö�Ø é,ú ùMÖ ê Ø6×.Ö ê ×�Ø è P?O�ù·Ö é Ñ�×�Ñ ¯ x úP=×½ùMÖ ê Ø�×.Ö ê ×
b ≥ 2

ú Ö�Ò�ø`O\ø�N0Ö�ØRÒ�P éRê Ñ�Ó�øqÒ$×�PIR�P�Oîømù�Ø�Ö�N�ÑTN�ÑGO Ñ�× è £

P
[
V ≥ D + 2

√
Dx+ bx

]
≤ exp(−x)
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�!}F�]�$~��! �� �_û Ò  ÖqÒ é ÑTR�S�ØUP�OQP5ù�Ø�Ö  P é�é_ê3é Y R è�ü Ò�Ñ,RaøqÒ é¹ý ã ® ¡,þ�P=×*Oîø ¯ ø ë ÑGOGOQPIR�P ë Ö9R�S#OQP é {m ∈
M
} ø ê ¤  �ê P?O é ÖqÒ�ø é�é Ö  ÑTPIR�P é ùMÖqÑ�R é ù·Ö é Ñ�×�Ñ ¯ é Lm Ó è Ø_Ñ ü øqÒ$×½£

4 ,
∑

m∈M
exp(−LmDm) <∞ Ù �·{ v�v Ú

P=× é ÖqÑ�× ê ÒtØ è P#O3ùMÖ é Ñ�×�Ñ ¯ K Ó è ØRÑ ü øqÒ$×
K > 1 ®ÿ O é � P�Ò éRê Ñ�×  �ê P é ÑZOîø ¯ ÖqÒ  ×�Ñ�Ö�Ò¸R�P5ù è Ò�ø4O Ñ�× è R�� ê Ò ë Ö�R�S#OQP m ∈M P é ×*Oîø éRê Ñ�Ó�øqÒ$×�P\£

ù7P�Ò
(m) ≥ KDm

(
(1 + θ) +

(
2 +

1

θ

)
Lm

) Ù �·{ v w Ú
ø4OîÖqØ é O�� P é ×�Ñ ë ø�×�P ê Ø�ù è Ò�ø4O Ñ é=è

s̃
Ó è Ø_Ñ ü P  =ê P

E‖s− s̃‖2Σ−1 ≤
“ K

K − 1

”2

inf
m∈M

nhr‚‚‚s− sm‖2Σ−1 +
“K − 1

K

”“
Dm

`
K(1 + θ)− 1

´
+ pen(m) +K

“
2 +

1

θ

”
4
”

+
‖s− sm‖Σ−1

K

i2o �ÎÀ9Ì�v�ÀM�

�
� ~����F/��Zí Ý�G ?�@�> U `a>-j U >-B S�U <ÈZ S B�B S B�<6Z U CR:MA S @0;=iÈ> v >=<cCnL G @ p >=iÈ>EBDCnYNB�<�?�YN@�A=>-Z�>'� P�û

g Ù wqx�x v Ú»� {
]^S BMQ�? S�U @
?M@ S�U `a>=@ Ù �·{ v � Ú d S B�Q S BM<0YNZM;E@�> U Bài S Z�;=LN> m ∈ M G @ X Y\CR@ G YN@�>�>_C S BàZMA�Ü$BMY\C M′ =

{m′ ∈ M|Crit(m′) ≤ Crit(m)} { á BàQ S BM<0YNZM;=@0>�i G YNBaC�>=B G BDC U B GqU CR@�>�i S ZM;=LN> m′ ∈ M′ { á B
< U ?�? S <0> G L S @�<�j U >

Crit(ŝm′) ≤ Crit(ŝm)

>_Cl? G @5Z�A�Ü�B�Y\C�Y S BÔZM>
Crit(·) d S B S�X C�YN>=BaC

γ(ŝ′m) + pen(m′) ≤ γ(ŝm) + pen(m)

ã�S C G BDClZ S B�Q(? G @
sm

L G ?�@ SqÊ >=Q_CRY S BÔZM>
s
< U @

m
d S B S�X C�YN>EBDC

γ(ŝ′m) + pen(m′)) ≤ γ(sm) + pen(m) +
[
γ(ŝm)− γ(sm)

]

FTS < G BDC
rm := γ(ŝm)− γ(sm)
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ä�S iniÈ>
γ(ŝm) ≤ γ(sm)

? U YN<0j U >
ŝm

inYNBMYNiÈYN<0>
γ(t)

d*? S�U @�C S�U C
t ∈ Sm

dTZ S B�Q S B G ?M@�>E<�j U >
<UÎM@�>EiÈ>=BDC

rm ≤ 0
{ r CRYNLNYN< G BDC�i G YNBDCR>=B G BDClLN>
O G Y\C�j U >

γ(t) = ‖t− s‖2Σ−1 − 2Z(Σ−
1
2 t)− ‖s‖2Σ−1

S BÔZMA=Z U Y\C�Z S BMQ(j U >

‖s− ŝ′m‖2Σ−1 ≤ ‖s− sm‖2Σ−1 + 2[Z(Σ−
1
2 ŝm′)−Z(Σ−

1
2 sm)] + pen(m)− pen(m′) + rm Ù �·{ v � Ú

f�B U CRYNLNYN< G BDClLWVÇYNBMA pDG LNY\C�A Ù �·{ v å Ú < U Y\` G BDCR>Èð

2ab ≤ a2

η
+ b2η,

j U >=Loj U >(< S Y\C
η > 0 Ù �·{ v å Ú

ZoV G�X�S @�Z G ?M?�LNYNj U AE>
Î

2[Z(Σ−
1
2 ŝm′)− Z(Σ−

1
2 sm)] ≡ 2‖ŝm′ − sm‖Σ−1 · [Z(Σ−

1
2 ŝm′)− Z(Σ−

1
2 sm)]

‖ŝm′ − sm‖Σ−1

G `a>=Q
η := νm

d S B GÈG L S @0<�? S�U @�C S�U C
νm > 0

d

2[Z(Σ−
1
2 ŝm′) − Z(Σ−

1
2 sm)] ≤ ‖ŝm

′ − sm‖2Σ−1

νm
+ νm

[Z(Σ−
1
2 ŝm′)− Z(Σ−

1
2 sm)]2

‖ŝm′ − sm‖2Σ−1

Ù �·{ v�8 Ú
>_C�Q S iÈiÈ> ‖ŝm′ − sm‖2Σ−1 ≤ ‖ŝm′ − s‖2Σ−1 + ‖s− sm‖2Σ−1 + 2‖ŝm′ − s‖Σ−1 · ‖s− sm‖Σ−1

d G L S @�<
S BtL.V G ?M?MLÉYNj U > U BM>�<0>=Q S B�ZM>�O S YN<(Î

2‖ŝm′ − s‖Σ−1 · ‖s − sm‖Σ−1

G `a>=Q
η := µm

d S BtZ�A=Z U YîCmj U >
? SDU @�C SDU C

µm > 0
ð

2[Z(Σ−
1
2 ŝm′)− Z(Σ−

1
2 sm)] ≤ 1

νm
(1 + µm)‖s− ŝ′m‖2Σ−1 +

1

νm
(1 +

1

µm
)‖s− ŝm‖2Σ−1+

νm
[Z(Σ−

1
2 ŝm′)− Z(Σ−

1
2 sm)]2

‖ŝ′m − sm‖2Σ−1

Ù �·{ v y Ú
S B-C�@ S�U `a>(>=BMÜ�B[j U >

(1−
2

νm
(1 + µm))‖s− ŝm′‖2Σ−1 ≤ (1 +

2

νm
(1 +

1

µm
))‖s− sm‖2Σ−1 + pen(m)− pen(m′)+

νm
[Z(Σ−

1
2 ŝm′)− Z(Σ−

1
2 sm)]2

‖ŝm′ − sm‖2Σ−1

+ rm Ù �·{ v � Ú
á B U C�YNLNYN<0> G L S @�<5LWVÇYNBMA paG LNY\C�AmZ U LN>EiÈin> Ù �·{��·{ v Ú ? S�U @�Q S BDCR@�Ë�LN>=@ U BMYNO S @0iÈA=in>=BDC�? S�U @ªC SDU C t ∈ Sm′L G <cC G C�YN<cC�YNj U >(< U Y\` G BDC�>Èð

[Z(Σ−
1
2 ŝm′)− Z(Σ−

1
2 sm)]2

‖ŝm′ − sm‖2Σ−1
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FTS�U @(Q=>=L G d½Q S BM<0YNZMA=@ G BDC�LWVÇ>=<0? G Q=>ÈLNYNB�A G YN@�>ÈZ�>6Z�YNiÈ>=B�<�Y S B
D
Z�A�Ü�B�YH? G @Èð Sm,m′ = Sm + Sm′

do>_C
GqU j U >=L S B G <0< S Q=YN> U B�> X$G <0>

ψ1, ...., ψD
S @cC�: S B S @�iÈAE>�? G @H@ G ?M? S @uC GqU ?�@ S Z U Y\C�<0Q G L G YN@�> 〈· d ·〉Σ−1

d
>_Cl>=B U C�YNLNYN< G BDClLWVÇYNBMA paG LNY\C�A
ZM> ä�GqU Q_:DÍ3z»<·QR: 15G @0ò�Ùqd S B SDX C�YN>=BaC G L S @�<

sup
t∈Sm′

∣∣∣Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

∣∣∣ ≤ sup
u∈Sm,m′

|Z(Σ−
1
2u)|

‖u‖Σ−1

= sup
α∈RD

∣∣∑D
j=1 αjZ(Σ−

1
2ψj)

∣∣
‖α‖

≤ sup
α∈RD

∑D
j=1 |αj | · |Z(Σ−

1
2ψj)|

‖α‖ ≤
[ D∑

j=1

Z2(Σ−
1
2ψj)

] 1
2

ZoV SDÏ
sup
t∈Sm′

[Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

]2 ≤
D∑

j=1

Z2(Σ−
1
2ψj)

>_Cª@�>Ei G @�j U�G BDCªj U > ∑D
j=1 Z

2(Σ−
1
2ψj)

>=<cC U B�>
χ2(D)

d�>=B G ?M?�LNYNj U�G BDC G L S @�<�LN>5LN>=iniÈ>§�·{��·{ v d G `a>=Q
b = 2

>_C
x = (Lm′Dm′ + ξ)

d G `a>=Q
ξ > 0

d�>_ClC�>=B G BDCmQ S in?�C�>!Z U O G Y\Cmj U >
D ≤ Dm′ + Dm

d S B
S�X C�YN>=BDC

P
[

sup
t∈Sm′

[Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

]2 ≥ U(m′,m, ξ)
]
≤ exp

(
− Lm′Dm′ − ξ

) Ù �·{ v�: Ú
S�Ï
U(m′,m, ξ) ≡ Dm′+Dm+2

√
(Dm′ +Dm)(Dm′Lm′ + ξ)+2

(
Dm′Lm′+ξ

) { FHG @�Q S BM<0A=j U >=BDC

P
[

sup
t∈Sm′

∣∣∣Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

∣∣∣ ≤ U(m′,m, ξ)
]
≥ 1− exp

(
− Lm′Dm′ − ξ

) Ù �·{ wqx Ú
kl?�?MLNYNj U$G BDC�i G YNBDC�>EB G BDC*LWVÇYNB�A pDG LNY\C�A Ù �M{ v å Ú ? S�U @ 2

√
Dm′ +Dm

√
Lm′Dm′ + ξ

G `a>=Q
a =
√
Dm′ +Dm

d
b =
√
Lm′Dm′ + ξ

>�C
η = θ

d S B SDX C�YN>=BaC

U(m′,m, ξ) ≤ Dm(1 + θ) +Dm′
(

(1 + θ) +
(
2 +

1

θ

)
Lm′

)
+
(
2 +

1

θ

)
ξ

FTS < G BDC

U ′(m′,m, ξ) , Dm(1 + θ) +Dm′
(

(1 + θ) +
(
2 +

1

θ

)
Lm′

)
+
(
2 +

1

θ

)
ξ

=
1

K

?�>=B
(m′) +Dm(1 + θ) +

(
2 +

1

θ

)
ξ Ù �·{ w v Ú

FHG @5Q S BM<0A=j U >=BDC

P
[

sup
t∈Sm′

∣∣∣Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

∣∣∣ ≤ U ′(m′,m, ξ)
]
≥ 1− exp

(
− Lm′Dm′ − ξ

) Ù �·{ w�w Ú
7 �X�Ã�����,����Á��?ÅÆÀ;� ��Á��4�����FÁ��?ÅÆÀ���¼*�U�Æ�	�»���T�Z¿ÆÍ��T�����Ë���ËÁ�Â»��� �ÆÅÆ�?�2À������T¿?Í�À£��¼½�,Ê9�°�]Åm�?��ÅÆ�¾�Æ�,Â�¿?�T�T�����4¿?��Ê�ÅÆ�?�2ÅÆ�Ç���T¿m�

Í�Àl��¼½�(Ê=
 ¿r�����;¼´���TÅ3����¿?� ¾ supα∈RD
PD
j=1 |αj |·|Z(Σ

− 1
2 ψj)|

‖α‖



�2  øRù�Ñ�×�ØUPÞã]£åäoø é=è OQP  ×�Ñ�ÖqÒ é Ñ ë ù�OQPIR�P ë Ö9R�S#OQPIP=×*Oîø éEè OQP  ×�ÑWÖqÒ é Ñ ë�ê O\×.øqÒ è PIR�P ë Ö9R�S#OQP é RDøqÒ é(ê Ò
 øVR�ØUP�æaø ê3é�é ÑTP�Ò 8 �

á BÔZMA�Ü$BMY\C�i G YNBDC�>=B G BDClLWVÇA_`a;=B�>=iÈ>EBDC

Ωξ,m′ =
{

sup
t∈Sm′

∣∣∣Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

∣∣∣ ≤ U ′(m′,m, ξ)
}

G YNB�<�Y�j U >
LWVÇA_`a;=B�>=iÈ>=BaC�<0YNi U L\C G B�A
Ωξ

Z S BMB�A(? G @

Ωξ =
⋂

m′∈M
Ωξ,m′

>_ClB S C G BDC�? G @
Ωc
ξ

< S BÔA_`a;=B�>=iÈ>=BaC�Q S in?MLNA=in>=BDC G YN@�>�d S B S�X C�YN>=BaC G L S @�<

P(Ωc
ξ) ≤

∑

m′∈M
P
[

sup
t∈Sm′

∣∣∣Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)

‖t− sm‖Σ−1

∣∣∣ ≥ U ′(m′,m, ξ)
]

≤
∑

m′∈M
exp

(
− Lm′Dm′ − ξ

) Ù �·{ wh� Ú
I L�<=V >=BM< U Y\C!j U >n<0YNi U L\C G BMA=in>=BDC!? S�U @^C S�U C

m′ ∈ M do< GqU O2< U @ U B�>EBM<0>=i X LN>
Ωξ

ZM>n?M@ SDX�GqX YNLÉY\C�A
X�S @�BMA=>
? G @ 4 exp(−ξ) d S B G

[Z(Σ−
1
2 t)− Z(Σ−

1
2 sm)]2

‖t− sm‖2Σ−1

≤ 1

K

?�>=B
(m′) +Dm(1 + θ) +

(
2 +

1

θ

)
ξ

f�B[Q S i X YNB G BDC G `3>=Q Ù �·{ v � Ú d�YNLo<EVÇ>EBM< U Y\Clj U >(< GqU O*< U @ Ωξ
dM? SDU @�C SDU C

m′ ∈M′ d S B G

(1−
2

νm
(1 + µm))‖s− ŝm′‖2Σ−1 ≤ (1 +

2

νm
(1 +

1

µm
))‖s− sm‖2Σ−1 + (

νm
K
− 1)

?�>=B
(m′)

+ νmDm(1 + θ) +
?�>EB

(m) + νm(2 +
1

θ
)ξ + rm

FTS < G BDC
νm := K

dM>_C U C�YNLNYN< G BDClQ=>_C0C�>(Z�>=@�BMYÉ;=@�>(YNB�A pDG LNY\C�A G `a>=Q
ŝm′ := s̃

dMZ S BMQ(< GqU O*< U @
Ωξ
d

(1− 1

K
(1 + µm))‖s− s̃‖2Σ−1 ≤ (1 +

1

K
(1 +

1

µm
))‖s− sm‖2Σ−1

+KDm

(
1 + θ) +

?�>=B
(m) +K(2 +

1

θ
)ξ + rm

f�B[?M@0>=B G BaC
µ
C�>=L�j U >

K > 1 + µm
d S BÔZMA=Z U Y\C�j U >(< GqU O*< U @

Ωξ
d

‖s− s̃‖2Σ−1 ≤
(1 + 1

K (1 + 1
µm

))

(1− 1
K (1 + µm))

‖s− sm‖2Σ−1

+
1

(1− 1
K (1 + µm))

[
KDm(1 + θ) +

?�>=B
(m) +K(2 +

1

θ
)ξ + rm

] Ù �·{ w�� Ú
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? G @�Q S BM<0A=j U >=BDC�dEYNL3>_Û·YN<cC�> U B�>&` G @�Y GqX LN> G LNA G C S YN@�>
V
C�>=LNLN>ªj U >

P(V ≥ ξ) ≥ 4 exp(−ξ) d E(V ) ≤ 4Û d�>_C�j U >(LWVÇYNB�A pDG LNY\CRA(< U Yî` G BDC�>
< S Y\C5`3A=@�YîÜ�AE>^ù ® é ® ð

‖s− s̃‖2Σ−1 ≤
(1 + 1

K (1 + 1
µm

))

(1− 1
K (1 + µm))

‖s− sm‖2Σ−1

+
1

(1− 1
K (1 + µm))

[
KDm(1 + θ) +

?�>=B
(m) +K(2 +

1

θ
)V + rm

] Ù �·{ w å Ú
ä�G LNQ U L G BDCli G YNBDC�>EB G BDClLWVÇ>=<0?�A=@ G BMQ=>
ZM>

rm
{ á B G

rm , γ(ŝm)− γ(sm)

] >(LWVÇAEj U�G CRY S B Ù �·{�� Ú d S B[Z�A=@�Y\`a>
j U >

γ(ŝm) = ‖ŝm − s‖2Σ−1 − ‖s‖2Σ−1 − 2Z(Σ−
1
2 ŝm) Ù �·{ w 8 Ú

>_ClZM>(LWVÇAEj U�G CRY S B Ù �·{ å Ú S B G

Z(Σ−
1
2 ŝm) = Z

(
Σ−

1
2 sm +

∑

λ∈Λm

Z(Σ−
1
2ϕλ)Σ−

1
2ϕλ

)

>_Cl? G @5LÉYNBMA G @0Y\C�A�d S BÞC�@ S�U `a>
j U >

Z(Σ−
1
2 ŝm) = Z(Σ−

1
2 sm) +

∑

λ∈Λm

Z(Σ−
1
2ϕλ)2 Ù �·{ w�y Ú

á BÔZMA=Z U Y\C GqU <�<0Y�ZM>(LWVÇA=j U�G C�Y S B Ù �·{ å Ú j U >

‖ŝm − s‖2Σ−1 = ‖sm − s‖2Σ−1 +
∑

λ∈Λm

〈sm − s, Z(Σ−
1
2ϕλ)ϕλ〉Σ−1 +

∑

λ∈Λm

Z(Σ−
1
2ϕλ)2 Ù �·{ wh� Ú

ZoV SDÏ dM>=BÔQ S i X YNB G BaC Ù �M{ w 8 Ú d Ù �·{ w�y Ú >_C Ù �·{ wh� Ú
γ(ŝm)− γ(sm) =

∑

λ∈Λm

〈sm − s, Z(Σ−
1
2ϕλ)ϕλ〉Σ−1 −

∑

λ∈Λm

Z(Σ−
1
2ϕλ)2

ZoV SDÏ >=BMÜ�B
E
(
γ(ŝm)− γ(sm)

)
= −Dm

f�<0< G Í G BDCªi G YNBDCR>=B G BaCªZoV S ?·C�YNiÈYÉ<�>=@&LÉ>5<0>=Q S BMZnQ=Ë�C�A5Z�>5Q=>_C�CR>5ZM>=@0BMYN;=@�>5YNB�A pDG LNY\CRA5? G @�@ G ?M? S @uC2Î
µm

{
FTS�U @�Q=>=L G d�? S < G BaC

Am := ‖s− sm‖2Σ−1

Bm := KDm(1 + θ) +
?�>=B

(m) +K(2 +
1

θ
)4−Dm

8 �5�Ë�9���;À��;�TÅÆ�?�2À��wkúÅÆ���FÄ��9� E(V ) =
R
v
P(V ≥ v)dv
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á B G Z S BMQ

‖s− s̃‖2Σ−1 ≤
[(1 + 1

K (1 + 1
µm

))

(1− 1
K (1 + µm))

Am +
1

(1− 1
K (1 + µm))

Bm

]
+

[ K(V −4)

(1− 1
K (1 + µm))

(2 +
1

θ
) +

rm +Dm

(1− 1
K (1 + µm))

] Ù �·{ w : Ú
á BÔZMA�Ü$BMY\C�i G YNBDC�>=B G BDClL G O S BMQ_C�Y S B

fm(µm)
? G @

fm(µm) =
(1 + 1

K (1 + 1
µm

))

(1− 1
K (1 + µm))

Am +
1

(1− 1
K (1 + µm))

Bm

>_C5QR:M>E@�QR: G BaC�< S BÞiÈYÉBMYNi U i8? G @�@ G ?M? S @uC�Î
µ
{�klL S @0<=d U BM>lQ S BMZMY\CRY S BÞBMA=QE>=<0< G YN@�>^? S�U @2j U >

µ∗(m)
< S Y\ClLN>(? S YNBDC�inYNBMYNi U i ZM>

f(µ)
>=<cC�j U >

f ′(µ∗m) = 0
{ á B G

f ′m(µm) =
1

K

[ −1
µ2
m
Am

(1− 1
K (1 + µm))

+
1

(1− 1
K (1 + µm))

(1 + 1
K (1 + 1

µm
))Am +Bm

(1− 1
K (1 + µm))

]

á BÔZMA=Z U Y\C G L S @�<�j U >

f ′m(µm) =
1

K(1− 1
K (1 + µm))

[−1

µ2
m

Am + fm(µm)
]

fHC¸? U YN<0j U >
f ′m(µ∗m) = 0

d S B+ZMA=Z U Y\Chj U >
fm(µ∗m) = Am

(µ∗m)2

Z�V U B QEË�C�A�d�>_ChZM>�LWV GqU C�@�>�Q=ËqC�A
f ′m(µ∗m) = 0

{ á B-C�@ S�U `a> G L S @0<
[
(1 +

1

K
) +

2

Kµ∗m
+
( 1

K
− 1
) 1

(µ∗m)2

]
Am +Bm = 0 Ù �·{���x Ú

>_C
fm(µ∗m) =

1

(µ∗m)2
Am =

K

K − 1

[
Bm +

(
(1 +

1

K
) +

2

Kµ∗m

)
Am

]

f�B[@�AE< S L\` G BDCl? G @5@ G ?�? S @uClÎ
µ∗m

LWVÇA pDG LNY\CRA Ù �·{���x Ú d S B S�X CRYN>=BDC

µ∗m =

√
A2
m + (1− 1

K )AmBm − Am
K

(1 + 1
K )Am +Bm

Ù �·{�� v Ú
á B�i S BDCR@�>ÈO G Q=YNLN>=in>=BDC!j U >

f ′′m(µ∗m) = 2Am
(µ∗m)3 > 0

Q=>Èj U Y&<�Y p BMYîÜ�>nj U >
µ∗m

>=<cC�LN>ÈiÈYNB�YNi U i4Z�>
f(µ)

{ ] >(LWVÇA pDG LNY\C�A Ù �·{���x Ú d S B[ZMAEZ U Y\Clj U >
(1 +

1

K
)Am +

2µ∗m
K

Am
(µ∗m)2

+
( 1

K
− 1
) Am

(µ∗m)2
+Bm =

2µ∗m
K

fm(µ∗m) +
( 1

K
− 1
)
fm(µ∗m)

+Bm + (1 +
1

K
)Am

=
(2µ∗m
K

+
( 1

K
− 1
))
fm(µ∗m)

+Bm + (1 +
1

K
)Am

= 0
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Q=>=QEYoYNiÈ?�LNYNj U >
j U >
(
− 2µ∗m

K
+
(
1− 1

K

))
fm(µ∗m) = Bm + (1 +

1

K
)Am

F�U YN<0j U >
Bm + (1 + 1

K )Am ≥ 0
>_C
f(µ) ≥ 0

j U >=L^j U >t< S Y\C
µ > 0

d S B¾ZMA=Z U Y\C G L S @�<-j U >
−2µ∗m

K +
(
1− 1

K

)
> 0

d�ZoV S�Ï
µ∗m ≤ K−1

2 ≤ K − 1
{ ä�G Q=L U L G BDCli G YNBDC�>=B G BDC

fm(µ∗m)
{ á B G

fm(µ∗m) =
Am

(µ∗m)2
=

Am

(
(1 + 1

K )Am +Bm

)2

(√
A2
m + (1− 1

K )AmBm − Am
K

)2 Ù �·{��Dw Ú
f�B[i U L\C�YN?MLÉY G BDCl>_C�>=BÔZMY\`MYN< G BDCl? G @5LN>
Q S B ÊcUMp�U A(Z U Z�A=B S iÈYNB G C�> U @Ed S B S�X C�YN>=BDC

fm(µ∗m) =
Am

(
(1 + 1

K )Am +Bm

)2(√
A2
m + (1− 1

K )AmBm + Am
K

)2

(
(1− 1

K2 )A2
m + (1− 1

K )AmBm

)2 Ù �·{��4� Ú

=
( K

K − 1

)2(√
Am +

(
1− 1

K

)
Bm +

√
Am
K

)2 Ù �·{��h� Ú
f�B·Ü�B�dq>EB6@0>=iÈ?�L GqíEG BDC

Am
>_C
Bm

? G @&LN> U @�<&>_ÛM?M@�>=<0<0Y S B�<&@�>E<�?�>=Q_CRY\`a>=<&Z G BM<&LWVÇ>�Û·?M@0>=<0<�Y S B Ù �·{��4� Ú dq>EB
@�>=in?ML GqíÕG BDC�Q=>_C�C�>lZ�>=@�BMYN;E@�>�Z G BM<2LWVÇYNB�A pDG LNY\C�A Ù �·{ w : Ú d3>�C�>=B G ?M?�LNYNj U$G BDC�LWV S ?�A=@ G C�> U @ªZ�>�LWVÇ>=<0?�A=@ G B�Q=>
Î6QR: G j U >(Q=Ë�CRA(ZM>
Q=>_C�CR>(ZM>=@0BMYN;=@�>Dd S B[@0>_C�@ SDU `a> G YNBM<0YoLWVÇYNB�A pDG LNY\CRA Ù �·{ v � Ú Z U C�:MA=@ S ;=iÈ> v {

¼�Ð6¼�Ð65 ô §¨¦�§$¶·*¢ª± ¶·°a¬�« ½$°�§¨©5³�¢�£�¤.¬W¦�³ õ�� ³ Ñö÷
ãlS�U <T?�@�A=<0>=BDC S BM<Ti G YNBDC�>=B G BDC U B!<0>=Q S BMZ�Q=@�Y\C�;E@�>2Z�>2<0A=LN>=Q_CRY S B�ZM>�i S Z�;=LN>2Z G BM< U B!Q G Z�@�>

pDGqU <�<0YN>EBo{ FTS�U @&Q=>=L G d S B6Q S BM<0YNZM;=@0>�LWVÇYNBMA paG LNY\C�A5ZM>�Q S BMQ=>=BaC�@ G CRY S B6Z U LN>=iÈin>�wl< U Yî` G BDC�Z U >5ÎmP�YN@ p A
û gtG <0< G @uC\� P g wqx�xh��d�P g w�x�xDy � j U Y�` G B SDU <�?�>=@0iÈ>_C0C�@�>(ZM>(Z�A=i S BDC�@�>E@ U B-C�>=Lo@0A=< U L\C G C!ð
B �! } �� ��ø ÖqÑ�×

V
P=×
U
R�P ê ¤ÆÓ�øqØ_Ñ�ø�N#OQP é øVO è ø�×.ÖqÑ�ØUP é Ñ�ÒXR è ù&P�ÒXRDøqÒ$×�P é(éRê Ñ�Ó�øqÒ$× ê Ò�PIR�Ñ é ×�Ø_ÑTN ê ×�Ñ�ÖqÒ'R ê

χ2(D)
P=× ê Ò�P RqÑ é ×�ØRÑTN ê ×�ÑWÖqÒ���ø ê3é Ñ�P_Ò�Ò�P é ×.ø�ÒXRDøqØ�R N (0, 1)

ØUP é ù&P  ×�Ñ�ÓhP ë P�Ò$× ®ù OîÖqØ é ùMÖ ê Ø(×.Ö ê3é Ø è P#O é
ùMÖ é Ñ�×�Ñ ¯ é x P=×

ρ
ú P=×½ùMÖ ê Ø�×.Ö ê ×ªØ è P#O

b ≥ 2
ú ÖqÒ�ø`Oîø�N0ÖqØ_Ò�P éRê Ñ�Ó�ø�Ò$×�P�R�P�Oîø(ù�Ø�Ö�N0ø]N�ÑGO Ñ�× è £

P
[
V + ρU ≥ D +

ρ2

2b
+ 2
√
Dx+ bx

]
≤ exp(−x)

�!}F�]�$~��! �� �aû Ò  ÖqÒ é ÑTR�S�ØUP�OQP5ù�Ø�Ö  P é�é_ê3é Y R è�ü Ò�Ñ,RaøqÒ é¹ý ã ® ¡,þ�P=×*Oîø ¯ ø ë ÑGOGOQPIR�P ë Ö9R�S#OQP é {m ∈
M
} ø ê ¤  �ê P?O é ÖqÒ�ø é�é Ö  ÑTPIR�P é ùMÖqÑ�R é ù·Ö é Ñ�×�Ñ ¯ é Lm Ó è Ø_Ñ ü øqÒ$×½£

4 ,
∑

m∈M
exp(−LmDm) <∞ Ù �·{�� å Ú
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P=× é ÖqÑ�×½R�P ê ¤ÆØ è P#O é
θ > 0

P=×
α ∈ (0, 1) ®ÿ O é � P�Ò éRê Ñ�×  �ê P é ÑZOîø ¯ ÖqÒ  ×�Ñ�Ö�Ò¸R�P5ù è Ò�ø4O Ñ�× è R�� ê Ò ë Ö�R�S#OQP Sm ∈M P é ×*R è�ü ÒMÑ�P  Ö ë6ë P éRê Ñ�×´£

ù&P�Ò
(m) ≥

(
(2− α)(1 + θ) +

(2− α
θ

+
2

α

)
Lm

)
Dm

ø4OîÖqØ é O�� P é ×�Ñ ë ø�×�P ê Ø�ù è Ò�ø4O Ñ é=è
s̃
Ó è Ø_Ñ ü P  =ê PI£

E‖s− s̃‖2Σ−1 ≤
1

1− α inf
m∈M

{∥∥∥s− sm‖2Σ−1 + pen(m)−Dm +
( 2

α
+

2− α
θ

)
4
}

�
� ~����D/�� í Ý�G ?M@�> U `a>-j U >-B S�U <6Z S B�B S B�<6Z U C�:MA S @0;=iÈ>-j U >Ôwh>=<cCÈj U$G <0YNiÈ>=BaCÈYNZ�>=BDC�YNj U >[Î

Q=>=LNLN>¸Z U C�:MA S @�;=iÈ>
1
?�@�YNBMQ=YN? G L�Z G B�<[� P g wqxDxh�Md P g wqxDxDy � {ª9 S�U C�>EO S YN<Ed�B S�U <nYNBDCR@ S Z U YN< S BM<nZ G BM<

L G O S BMQ_CRY S B�Z�>n?�AEB G LNY\CRA U B�? G @ G in;_C�@�>
α
j U YH` G B S�U <�?�>=@0iÈ>_C0C�@�>n? G @
L G < U Y\C�>nZ�>nZMA=@0Y\`a>=@ U BM>

<cC�@ G CRA p YN> S ?�CRYNi G LN> Ù Z G BM<�LÉ>(<0>=B�<�ZM>
L GÈX�S @�BM>(< U ?�A=@�YN> U @�>
Z U @�YN<0j U > Ú Z�>(QR: S Y\Û[ZM>=<�? S YNZ�<�>_ClZM>=<
Q S B�<cC G BDC�>E<�Z G B�<5L G O S B�Q_C�Y S BÔZM>(?�A=B G LNY\C�A�{�e S YNQ=Y G L S @�<�L G ?M@�> U `a>(Z U C�:�A S @�;=in>�wÞð
] V GqX�S @�Zod S B G <0< S Q=YN>hÎ�Q_: G j U >

m ∈ M U BM> X$G <�> S @cC�: S B S @�inA=> {
φλ
}
λ∈Λm

? G @�@ G ?M? S @uC G�U
?M@ S Z U Y\C�<�Q G L G YN@�> 〈· d ·〉Σ−1

d G `a>=Q |Λm| ≡ Dm
{ á B GÈG L S @0<�? S�U @�C S�U C

t ∈ Sm

Z(Σ−
1
2 t) =

∑

λ∈Λm

Z(Σ−
1
2φλ)〈t, φλ〉Σ−1 , 〈t, ζm〉Σ−1

G `a>=Q
ζm ,

∑

λ∈Λm

Z
(
Σ−

1
2φλ

)
φλ ∈ Sm

>_C S B[Z�A=Z U Y\C�j U >
ζm ∼ N

(
0, Im

) >_C
Vm , ‖ζm‖2 ∼ χ2(Dm) Ù �·{�� 8 Ú

S�Ï N (0, Im) >=<cC�L G
pDGqU <�<0YN>=B�BM>�<cC G B�Z G @�Z Dm
zKZMYNiÈ>EBM<0Y S BMB�>=LNLN>�>_C

χ2(Dm)
>=<cC�L G ZMYN<cC�@�Y X�U C�Y S BnZ U

ä :�Y\zìZM> U Û G `a>EQ
Dm

Z�> p @�A=<�ZM>(LNY X >=@uC�AD{ á B G

γ(t) = ‖s− t‖2Σ−1 + ‖t− sm‖2Σ−1 − ‖s‖2Σ−1 − 2Z(Σ−
1
2 t)

= ‖s− t‖2Σ−1 + ‖t− sm‖2Σ−1 − ‖s‖2Σ−1 − 2〈t, ζm〉Σ−1

>_ClZM>(LWVÇA pDG LNY\C�A Ù �M{ å Ú d S BÔZ�A=Z U YîC�j U >

γ(ŝm) = ‖s− sm‖2Σ−1 − ‖s‖2Σ−1 − Vm − 2Z(Σ−
1
2 sm) Ù �·{��Dy Ú

>_C
‖ŝm − s‖2Σ−1 = ‖s− sm‖2Σ−2 + Vm Ù �·{��4� Ú
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FTS < G BDC
s̃ = ŝm̃

dMZ�>(L G ZMA�Ü$BMY\C�Y S B[ZM>
s̃
d S B GÈG L S @�<

‖s‖2Σ−1 + 2Z(Σ−
1
2 s) + γ(s̃) + pen(m̃) = inf

m∈M

{
‖s‖2Σ−1 + 2Z(Σ−

1
2 s) + γ(ŝm) + pen(m)

}

>_ClZM> Ù �·{��Dy Ú >_C Ù �M{��4� Ú d S B G

‖s‖2Σ−1 + 2Z(Σ−
1
2 s) + γ(s̃) = ‖s− s̃‖2Σ−1 − 2Vm̃ − 2Z

(
Σ−

1
2 (sm̃ − s)

)

>_Cl>=B U C�YNLNYN< G BDC Ù �·{��Dy Ú d S BÔZMA=Z U Y\C�j U >

‖s̃− s‖2Σ−1 = 2Vm̃ + 2Z
(
Σ−

1
2 (sm̃ − s)

)
− pen(m̃)+

inf
m∈M

{
‖s− sm‖2Σ−1 + 2Z(Σ−

1
2 s) +−2Z(

(
Σ−

1
2 (sm − s)

)
− Vm + pen(m)

}

f�B÷? S < G BDC
dm := ‖s̃ − s‖ d Um :=

Z
(

Σ−
1
2 (sm−s)

)
dm

dT>_C6>EB U C�YNLNYN< G BDCÈLN>ÞO G Y\CÈj U > ‖s̃ − s‖Σ−1 =

Vm̃ + d2
m̃

d S B SDX C�YN>=BaC�? S�U @�C SDU C
α ∈ (0, 1)

(1− α)‖s̃− s‖2Σ−1 = (2− α)Vm̃ − αd2
m̃ + 2dm̃Um̃ − pen(m̃)+

inf
m∈M

{
d2
m − 2dmUm − Vm + pen(m)

}

FTS < G BDC
Qm := (2−α)Vm−αd2

m + 2dmUm̃− pen(m)
>_C
Rm := d2

m− 2dmUm−Vm + pen(m)
d

S B G Z S B�Q
‖s̃− s‖2Σ−1 =

1

(1− α)

(
Qm̃ + inf

m∈M
Rm

)

F�U YN<0j U >
m̃
?�> U C�ß_C�@�>lB�VÇYNiÈ? S @uC�>lj U >=L�A=LNA=in>=BDC�Z�> M d G L S @�< S B G�X >=< S YNBÆZM>lQ S BaC�@�Ë�LN>=@ U B�YNO S @�inA_z

iÈ>EBDC
Qm

< U @ M { FTS�U @^Q=>=L G d�? S < G BDC
Am := Vm + 2

2−αdmUm
d�>_C

xm := LmDm + ξ
? S�U @ U B

Q=>=@cC G YNB
ξ > 0

dM>�C�ZMA=Ü�BMYN<0< G BDClLWVÇA_`a;=B�>=iÈ>=BaC

Ωξ,m ,
{
Am < Dm +

α

2− αd
2
m + 2

√
Dmxm +

2xm
α(2− α)

}

>_C�LWVÇA_`a;EBM>=in>=BDC�<0YNi U L\C G BMA
Ωξ ,

⋂
m∈MΩξ,m

d·>_C�B S C G BaC
Ωc
ξ,m

>�C
Ωξ

LN> U @0<�A_`a;EBM>=in>=BDC�<�Q S iÈ?MLÉA_z
iÈ>EBDC G YN@0>=<�@�>=<0?�>=Q_C�YNO�<E{ ä�S iÈ?�CR>^C�>EB U Z U O G Y\Clj U >

E[Z(φλ)Z(s− sm)] = 〈φλ, s− sm〉Σ−1 = 0

G L S @0<�LN>=<2` G @�Y G�X LN>=< G LÉA G C S YN@�>E<
ζm

>_C
Z(s− sm)

< S BDC�YNBMZ�A=?�>=B�Z G BaC�>=<�>_C G YNBM<0Y�< S BaC
Vm

>�C
Um

j U Y
S BDC6@�>=<0?�>=Q_C�Y\`a>EiÈ>=BDC6Q S iÈin>�Z�YN<uCR@�Y XMU C�Y S B U B

χ2(Dm)
>_C U BM>

N(0, 1)
{Tf&B G ?M?�LNYNj U$G BDC G L S @�<!LN>
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LN>=iniÈ>!w G `a>=Q
ρ := 2

2−αdm
>�C
b := 2

α(2−α)

d S BÞCR@ S�U `3>(j U >
P
(
Ωc
ξ,m

)
≤ exp(−xm)

dMZ�V S�Ï

P
(
Ωc
ξ

)
≤
∑

m∈M
exp

(
− LmDm − ξ

)
≡ 4 exp(−ξ) Ù �M{�� : Ú

r CRYNLNYN< G BDC*i G YNBDCR>=B G BaC�LWVÇYNBMA pDG LNY\C�A Ù �M{ v å Ú G ?M?MLNYNj U A=>ªÎ 2
√
Dm(LmDm + ξ) ≡ 2

√
Dm
√
DmLm + ξ

G `a>=Q
a :=

√
Dm

>_C
b :=

√
DmLm + ξ

d S BÞC�@ S�U `a>
j U >(? S�U @�C S�U C
θ > 0

Am ≤ (1 + α)Dm +
αd2

m

2− α +
(1

θ
+

2

α(2− α)

)
LmDm +

(1

θ
+

2

α(2− α)

)
ξ

ZoV SDÏ

(2− α)Am ≤
[
(2− α)(1 + θ)Dm +

( 2

α
+

2− α
θ

)
LmDm

]
+ αd2

m +
( 2

α
+

2− α
θ

)
ξ

≤ pen(m) + αd2
m +

( 2

α
+

2− α
θ

)
ξ

ZoV SDÏ < GqU OT< U @
Ωc
ξ,m

d S B G ? SDU @�C SDU C
m ∈M

Qm ≤
( 2

α
+

2− α
θ

)
ξ

>_Cl>=B[? G @uC�YNQ U LNYN>=@=d�? S�U @
m := m̃

dM< GqU OT< U @
Ωc
ξ,m

Qm̃ ≤
( 2

α
+

2− α
θ

)
ξ

ZoV SDÏ dMQ S iÈ?�CR>^C�>=B U ZM> Ù �·{�� : Ú d S B G

P
[
Qm̃ >

( 2

α
+

2− α
θ

)
ξ
]
≤ 4 exp(−ξ)

>_C�>EB U CRYNLNYN< G BDC�LÉ>(O G Y\Clj U >(? S�U @�C S�U C�>m` G @�Y GqX LN> G LNA G C S YN@�>
V
d S B G <0Y ∫

v P(V > v)dv <∞ d G L S @�<
E(V ) =

∫
v P(V > v)dv

d S BÞC�@ S�U `a>
j U >

E(Qm) ≤
( 2

α
+

2− α
θ

)
4

>_C�Q S iÈin>
E
[

infm∈MRm

]
≤ infm∈M E(Rm) = infm∈M(d2

m + pen(m)−Dm)
>_C�Q S iÈ?�CR>5C�>EB U

ZM> Ù �·{�� : Ú d S BÔZMA=Z U Y\C G L S @�<�LN>
@�A=< U L\C G C�Z U C�:MA S @�;=in>�{

T�¦!� Ø ��������#&/��0�¾ ��¾)9V�����ó" ���	t�����0 �	t�T�� !�&	�)*����	·�����l����	� !����	��0�������!)o�
�½�����  ��"��#&�!���0�c��#

ãlS�U <mZ�A=Q=@�Yî` S BM<(Z G B�<mQ=>_C0C�>6< SDU <czì<0>=Q_C�Y S B U BM>6<cC�@ G CRA p YN> S ?·C�YNi G LN> Ù Z G B�<mLN>6<0>=BM<mZ�>6L G
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pen(m)
ZM>=<&ZM> U Û!Q=@0Y\C�;=@�>=<&?�A=B G LNYN<0A=<Hj U >�B S�U < G ` S B�<H?M@ S ? S <0A=<HZ G BM<&L G <�>EQ_C�Y S B6?�@�A=Q=A=Z�>=BDC�>D{ ã�SDU <

A_` G L UMS B�<ªL G
X�S @�BM>�< U ?�A=@�YN> U @�>�Z U @�YN<0j U >�Z�>�Q_: G Q U BnZ�>=<ªZ�> U ÛnQ=@�Y\CR;=@�>=<2?�AEB G LNYN<0A=<2YNBMZ U Y\C�>�? G @ U BM>
C�>=LNLÉ>!<cC�@ G C�A p YN>Þd�>_C(B SDU <�`a>=@�@ S BM<^j U >!LN>�ZM> U Û·YN;=in>!Q=@�Y\CR;=@�>�j U >!B S�U < G ` S BM<^?�@ S ? S <�A G L GÆX�S @0BM>
< U ?�A=@�YN> U @�>(Z U @�YN<0j U >
j U Yo>E<uCl?ML U <5?�>_C�Y\CR>(? S�U @5L G <cC�@ G C�A p YN>
?�@ S ? S <�AE>�{

¼�Ð¬ÏZÐ�Ï ³ ´�*¬GÒ ±ª§$¦º©�*¬W±2¦
Lm

§M«�±�§�¦ï¶·*¢ª¦�«q£�¢�«�§$¦
K

§M«
θ
±ª£�¢ª¦º¤�£_ºu*¢ª¶3«a¬�*¢�±ª§

©�³�¢�£�¤.¬�«q³²±�µ ©2°�§�¯¾¬�§$°t¶M°a¬�« ½$°�§
ä�S iÈiÈ>(B S�U < G ` S B�< U C�YNLNYN<0AmZ�>=<5YNBMA pDG LÉY\C�A=<5<0>=@�@�AE>=<�? S�U @�Z�A=@�Y\`a>=@ U BM> X�S @�BM>m< U ?�A=@�YN> U @�>

Z U @�YN<0j U >(ZM>mLWVÇ>=<cC�YNi G C�> U @5?�A=B G LNYN<0A�d·Q=>_C0C�>m<cC�@ G C�A p YN>^C�>=BDC�> G L S @�<�ZM>mQ S BaC�@�Ë�LN>E@�LN>(@�YN<0j U >(ZM>mLWVÇ>=<cC�Y\z
i G C�> U @�?�A=B G LNYN<0A
Î�C�@ G `a>=@0<�LN>(Q S BDC�@�Ë�LÉ>(ZM>
L G6X�S @�B�>m< U ?�A=@0YN> U @�>
< U Y\` G BaC�>(ZM>
< S BÔ@�YN<0j U >Èð

B′ =
“ K

K − 1

”2

inf
m∈M

nhr
‖s− sm‖2Σ−1 +

“K − 1

K

”“`
K(1 + θ)− 1

´
Dm + pen(m) +K

`
2 +

1

θ

´
4
”

+
‖s− sm‖Σ−1

K

i2o �ÎÀ9Ì x��M�

|�}F�½�ñ� )*�
θ
�a�

Lm

� ~��5"Z���Õ� ���1��� � ø ÑZOîø ¯ ÖqÒ  ×�Ñ�Ö�Ò¸R�P5ù è Ò�ø4O Ñ�× è P é ×    ÖqÑ é ÑTP  Ö ë�ë P é_ê Ñ�×
ù7P�Ò

(m) ≡ KDm

(
(1 + θ) +

(
2 +

1

θ

)
Lm

)

Ö	�0OQP é ù·Ö�Ñ�R é
Lm

é Ö�Ò$×*RDÖ�Ò�Ò èRé ùMøqØ Oîø ¯ ÖqØ ë6ê OQP

Lm ≡ 2θ2 − 4
Dm

øqÓhP  4 > 0
ú P=×

θ > 0
è ×.øqÒ$×,Oîø(ù�O ê3é ù&P=×�Ñ�×�P�Ó�øVOúP ê Ø(Ó è Ø_Ñ ü øqÒ$×

2θ2 ≥ 4

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−2θ2D)

Ö	�
CardM(D)

ØUPKù�Ø è_é P�Ò$×�P�OúP(Ò�Ö ë N�ØUP�R]P ë Ö�R]S#OúP é {Sm ∈M} ø�
�øqÒ$×,O\ø R�Ñ ë P�Ò é ÑWÖqÒ D ú P=×
DmaxP é ×*O\ø�RqÑ ë P�Ò é ÑWÖqÒ ë ø�¤�Ñ ë ø4OQP!ø ê ×.ÖqØ_Ñ é=è P5ù·Ö ê Ø ê Ò ë Ö�R�S#OQP ®
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û Ò�øÞø4OîÖqØ é

E‖s− s̃‖2Σ−1

≤
( K

K − 1

)2
inf
m∈M

{[√∥∥∥s− sm‖2Σ−1 + (K − 1)
(

(2 + 4θ + 4θ2)− 1

K

)
Dm+

‖s− sm‖Σ−1

K

]2}

Ù �M{�� v Ú
� ~����D/��åí FTS�U @�ZMA=i S BDC�@0>=@�Q=>_C�CR>�?M@ S ? S <0Y\C�Y S B�dMÜMÛ G BDC^LN>!? G @ G in;_C�@0>

K
Î U B�>m` G LN> U @�Z S BMBMAE>
>�C

QR:M>E@�QR: G BaC!ÎÞCR@ S�U `3>=@
LN>=<
>�Û·?M@�>E<�<0Y S B�<
ZM>E<
? S YNZM<
Lm

>_C!L G ` G LÉ> U @
ZM>
θ
iÈYNB�YNiÈYN< G BDC!L G[X�S @�BM> B

YNBMZ�A=?�>EBMZ G iÈiÈ>EBDC6ZM>
m
{ á BÀQR: S YN<0Y\C G L S @�<6ZM>ÆinYNBMYNinYN<0>=@

Bm
Z�V GqX�S @0Z÷? G @!@ G ?M? S @uCÈÎ

θ
{ ä >=L G

@�>_`MYN>=BDClZ S B�Q
Î6inYNBMYNinYN<�>E@5? G @5@ G ?�? S @uClÎ
θ
LWVÇ>�Û·?M@�>E<�<0Y S B

B′m , 2Dm(1 + θ) +
(
2 +

1

θ

)
LmDm +

(
2 +

1

θ

)
4− Dm

K
Ù �·{��aw Ú

f�B G BMB U L G BDC2Z S B�Q5L G ZMA=@0Y\`aA=>5@ G ?M? S @uC2Î
θ
ZM>5Q=>�C�C�>5ZM>E@�BMYN;=@0>5>_Û·?M@0>=<0<0Y S Bod S B�CR@ S�U `3>5j U >5L G ` G LN> U @

ZM>
θ
S ?�CRYNi G LN>
Z S Y\C�`aA=@�YNÜ�>=@�LWVÇA pDG LNY\CRA
< U Y\` G BaC�>Èð

∂B′m
∂θ

= 2Dm −
LmDm

θ2
− 4
θ2

= 0

ZoV SDÏ
Lm = 2θ2 − 4

Dm
Ù �·{��V� Ú

á B-`aA=@�YîÜ$>(j U >
∂2B′m
∂θ2

=
4LmDm + 24

θ3
> 0

Q=>Ôj U Y5?�@ S�U `3>[j U >
θ
j U Y�`aA=@�YîÜ$>[LWVÇ>_ÛM?M@�>E<�<0Y S B Ù �·{��V� Ú >E<uC X YN>=B U BïiÈYNBMYNi U i ZM> B′m { ä�S iÈin>LWVÇ>_ÛM?M@�>=<0<0Y S B²ZM>=<6? S YNZM<
Lm Ù �·{��V� Ú Z S Y\Cnß_C�@�>Æ`M@ G YN>-j U >=L�j U >-< S Y\C m ∈ M dHYNL�O GqU C G L S @�<Èj U VÇYNL

>_Û·YN<cCR> U BÔ@�A=>=L
δ > 0

C�>=L�j U >
LN>=<�? S YNZM<
Lm,∀m ∈M

<EVÇ>�Û·?M@�YNin>=BDClQ S iniÈ>(< U Y\C!ð

Lm ≡ 2δ2 − 4
Dm

Ù �·{��4� Ú
>_Cl? G @5YÉZM>=BDCRYîÜ�Q G CRY S Bod S BÞCR@ S�U `a>
j U >

θ
`aA=@0YîÜ�>

θ ≡ δ {�fHC�Q S in?�C�>mC�>=B U ZM>(LWVÇYÉZM>=BDCRY\C�A

4 ,
∑

m∈M
exp(−LmDm)

θ
Z S Y\C G L S @�<�`aA=@0YîÜ�>=@�LWVÇA pDG LNY\CRA

4 exp(−4) =
∑

m∈M
exp(−2θ2Dm) Ù �·{�� å Ú
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L G inß=iÈ>6Z�YNiÈ>=B�<�Y S Bod
S B-C�@ S�U `a>(j U >

θ
Z S Y\C5`3A=@�YîÜ�>E@5LWVÇA paG LNY\C�A

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−2θ2D) Ù �·{�� 8 Ú
fHC�Q S iÈ?·C�>^C�>=B U Z U O G Y\C�j U >

Lm ≥ 0,∀m ∈M d S B G L G Q S BDC�@ G YNBDC�>(< U Y\` G BDC�>(< U @5LN>=<�` G LN> U @�<5ZM>
θ
>�C�ZM> 4 ð

2θ2 ≥ 4 Ù �·{��ay Ú
b�>=in?ML GqíEG BaC

Lm
? G @5< S BÔ>_Û·?�@�>=<0<0Y S B[Z G BM< Ù �·{��aw Ú d S BÞCR@ S�U `a> G ?M@�;E<�Q G LNQ U Loj U >

B′m =
(
(2 + 4θ + 4θ2)− 1

K

)
Dm Ù �·{��V� Ú

? G @6Q S BM<0A=j U >=BDC�dH? S�U @�inYNBMYNinYN<0>=@ B dHYNL�O GqU CnQR: S YN<0YN@ θ Q S iniÈ>-L G ?�L U <È?�>_CRY\C�>Æ` G LN> U @!`aAE@�YîÜ G BaC
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B =
( K

K − 1

)2
inf
m∈M

{[√
‖s− sm‖2Σ−1 + (K − 1)

(
(2 + 4θ + 4θ2)− 1

K

)
Dm+

‖s− sm‖Σ−1

K

]2}

|�}F�½�ñ� )*�
K
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B = inf
m∈M

{[√( K

K − 1

)2
‖s− sm‖2Σ−1 +

( K2

K − 1

)(
(2 + 4θ + 4θ2)− 1

K

)
Dm+

‖s− sm‖Σ−1

K − 1

]2}
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( K2

K − 1

)(
(2 + 4θ + 4θ2)− 1

K

)
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10 �úÌ �ÆÌ “ K
K−1

”2

‖s− sm‖2Σ−1
�»� ‖s−sm‖Σ−1

K−1

11 �úÌ �ÆÌ “ K2

K−1

”`
(2 + 4θ + 4θ2)2 − 1

K

´
Dm
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K = K∗

d3? U YN<�YNL GqUMp in>=BDC�>^>=B G LNL G BaC5ZM>
K = K∗+
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K
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K = K∗
inYNBMYNinYN< G BDCnLN>ÞQ S >?>nQ=YÉ>=BDCnZ U C�>=@0iÈ>ÞZ�>

` G @0Y G BMQ=>D{ á Bn?�> U C�`aAE@�YîÜ�>=@ªO G Q=YNLN>EiÈ>=BDC�j U >
K∗ u 2

YNB�ZMA=?�>=BMZ G iÈin>=BDC2Z U ?M@ S�X LN;=in>�ZM>�<0A=LN>EQ_C�Y S B
ZM>�i S ZM;=LÉ>�Q S BM<0YNZ�A=@�A�>_C�Z�>�< G O G iÈYNLNLN>ÆZM>�i S ZM;=LN>E< {Sm,m ∈ M} {*f�B÷fHó�>�CÕd�LWVÇA paG LNY\C�A Ù �·{�� 8 ÚYNiÈ?�LNYNj U >�j U >

θ ≥ 1√
2
Ù G C�C�>=YNBaC�>l? S�U @ U B�>�O G inYNLNLN>lZM>li S Z�;=LN>=<2Z�>�Q G @�ZMYNB G LNY\C�A 1

d3YW{Ç>�{3j U Y$Q S BDC�YN>=BaC
U B¨<�> U L�i S ZM;=LN> Ú dTQ=>Þj U Y�O G YîCÈj U > 1

K

>=<cCÈ?M@0>=<0j U >ÞB�A p LNY p > G�X LN>-ZM>_` G BDC
(2 + 4θ + 4θ2)

dTQ=>Þj U Y
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K−1

) d�>_C�Q=>_C0C�>nZ�>=@�B�YN;=@�> G C�C�>=YÉBDC
< S B[inYNBMYNi U i ? S�U @

K = 2
{
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Lm
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α
§M«

θ
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ä�S iÈiÈ> S B-LWV G O G Y\C�? S�U @�LN>m?M@�>=inYN>=@�Q=@�Y\C�;=@0>�d�LN> XMU C5>=<cC5Z�>�C�@ S�U `a>E@�LN>=<�>�Û·?M@�>E<�<0Y S B�<�ZM>=<

? S YNZM<
Lm

>�C�Z�>=<
Q S BM<cC G BDCR>=<
α
>_C
θ
Z G BM<�L G O S BMQ_CRY S B�ZM>n?�A=B G LNY\C�AnZ U <0>=Q S B�Z�Q=@�Y\C�;=@0>n?�A=B G LNYN<0A
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Q S @0@�>=<0? S B�Z G BaC�>�{

|�}F�½�ñ� )*���¢"(���G)*�
Lm

�a� )��t���� 4���*���E�$���E�
θ

� ~��5"Z���Õ� ���1��� �aû Ò  ÖqÒ é Ñ�R�S�ØUPÇOQPHù�Ø�Ö  P é�é_ê3é Y R è�ü Ò�ÑDRaøqÒ éÝý ã ® ¡yþIP=×2Oîø ¯ ø ë ÑGO1OQPÇR]P ë Ö9R�S#OúP é {m ∈
M
} ø ê ¤  �ê P?O é ÖqÒ�ø é�é Ö  ÑTPIR�P é ùMÖqÑ�R é ù·Ö é Ñ�×�Ñ ¯ é Lm RaÖqÒ�Ò è_é ù·øqØ Oîø ¯ ÖqØ ë�ê OQP

Lm ≡ θ2 − 4
DmÖ	�

θ
P é ×*Oîømù÷O ê�é ù7P=×�Ñ�×�P�Ó�ø4OQP ê Ø�ù·Ö é Ñ�×�Ñ�ÓhP�Ó è ØRÑ ü ø�Ò$×

θ2 ≥ 4

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−θ2D)

P=× é ÖqÑ�×^Ø è P?O
α ∈ (0, 1)

ú ÑGO é � P�Ò éRê Ñ�×  =ê P é ÑÇOîø ¯ ÖqÒ  ×�Ñ�ÖqÒbR]P
ù è Ò�ø4O Ñ�× è R�� ê Ò ë Ö�R]S?OQP Sm ∈ M P é ×
R è�ü Ò�ÑTP  Ö ë6ë P éRê Ñ�×´£

ù&P�Ò
(m) ≥

(
(2− α)(1 + θ) +

(2− α
θ

+
2

α

)
Lm

)
Dm
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ø4OîÖqØ é O�� P é ×�Ñ ë ø�×�P ê Ø�ù è Ò�ø4O Ñ é=è
s̃
Ó è Ø_Ñ ü P  =ê PI£

E‖s− s̃‖2Σ−1 ≤
1

1− α inf
m∈M

{ 1

1− α‖s− sm‖
2
Σ−1 +

( 2θ2

α(1− α)
+

2θ

1− α + 2θ + 1
)
Dm

}

�
� ~����D/���í ä�S BM<0YNZ�A=@ G BDC G L S @�<�LWVÇ>_Û·?�@�>=<0<0Y S B

Bm =
1

1− α
[
‖s− sm‖2Σ−1 + pen(m)−Dm +

(2− α
θ

+
2

α

)
4
]

=
1

1− α
[
‖s− sm‖2Σ−1 +

(
(2− α)(1 + θ)− 1 +

(2− α
θ

+
2

α

)
Lm

)
Dm +

(2− α
θ

+
2

α

)
4
]

á BÔQR: S YN<0Y\C�Z�>(iÈYNB�YNiÈYN<0>=@ Bm ZoV GqX�S @�Z[? G @5@ G ?�? S @uClÎ
θ
? S�U @�C S�U C

m ∈M {$f&B G B�B U L G BDC G L S @0<
L G Z�A=@�Y\`aA=>-Z�> Bm ? G @6@ G ?�? S @uCnÎ

θ
d S B÷C�@ S�U `a>-j U >ÞL G ` G LN> U @ S ?�C�YNi G LN>-ZM>

θ
Q S @�@�>=<0? S BMZ G BDC�>

>_Û·YN<cCR>(j U >=Loj U >(< S Y\C
m ∈M <�Y�>_C�<0> U LN>=iÈ>=BaC�<0YoLN>E<�? S YNZ�<5<EVÇ>�Û·?M@�YNin>=BDClQ S iÈin>(< U Y\C!ð

Lm ≡ θ2 − 4
Dm

>_Clj U >
θ
>=<cC�L G ?ML U <�?�>_C�Y\CR>^` G LN> U @5? S <0Y\C�Y\`a>m`aA=@�YîÜ G BDC

θ2 ≥ 4

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−θ2D)

f�B[@�>EiÈ?ML GqíÕG BDClLN>=<�>_Û·?�@�>=<0<0Y S BM<�Z�>=<�? S YNZ�<
Lm

>_ClZM>
θ
S ?�C�YNi G LN>=<�Z G BM< Bm d S BÞCR@ S�U `3> G L S @0<

Bm =
[ 1

1− α‖s− sm‖
2
Σ−1 +

( 2θ2

α(1− α)
+

2θ

1− α + 2θ + 1
)
Dm

] Ù �·{ å x Ú
|�}F�½�ñ� )*�

α

f�BÈ@0>=i G @0j U�G BaCªi G YNBaC�>=B G BaCªj U >5LN>5? S YNZM<�Z U C�>=@0iÈ>5Z�>�` G @�Y G BMQ=> 2θ2

α(1−α) + 2θ
1−α +2θ+1

>=<cC(C S�UqÊcS�U @�<(?�L U < p @ G BMZ�j U >6LN>È? S YNZM<
Z U CR>=@�iÈ>ÈZM> X Y G YN< 1
1−α

d G L S @�<(? S�U @(@�A G LNYN<0>=@
LN>6in>=YNLNLN> U @
Q S in?M@ S iÈYN< X Y G YN<czW` G @0Y G BMQ=>�d�YNLªO GqU C�A=j U YNLNY X @0>=@ GqU i G ÛMYNi U i Q=>E<�? S YÉZM<Ed�>_C�Q=>=Q=Yª@�>_`·YN>EBDC!Z S BMQÆÎ
iÈYNB�YNiÈYN<0>=@�? G @�@ G ?M? S @uC^Î

α
LWVÇ>_ÛM?M@�>E<�<0Y S B

2θ2

α(1− α)
+

2θ

1− α + 2θ + 1

á B-C�@ S�U `a> G L S @�< G ?�@�;=<�Q G LNQ U Loj U V U B�>^C�>=LNLN>m` G LÉ> U @5Z�>
α
<EVÇA=QE@�Y\C

α =
θ√

θ2 + θ + θ
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θ
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4
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2 − 1
>_C 1
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θ :=
√

2θ
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θ
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θ
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θ
§M« 4
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?M@ S ? S <0A6Z G BM<
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Lm ≡ θ2 − 4
Dm

>_ClL G O S B�Q_C�Y S BÔZM>
?�A=B G LNY\C�A(>E<uClZ S B�BMA=>
? G @

pen(m) ≡
(

(2− α)(1 + θ) +
(2− α

θ
+

2

α

)
Lm

)
Dm

S�Ï
θ > 0

>_C 4 > 0
`aAE@�YîÜ�>EBDC�j U >

θ
>=<cC�L G ?ML U <�?�>_C�Y\C�>m` G LN> U @5< G C�YN<0O G YN< G BDC GqU Û-Q S BaC�@ G YNBDCR>=<

θ2 ≥ 4

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−θ2D)

á BÔ@�>=i G @�j U >(j U >(L G O S BMQ_C�Y S B
h(x) = x exp(−x), x > 0

>=<cC U BMYNi S Z G LÉ>�Q S BMQ G `a>�>�C G C�CR>=YNBDC6< S Bài G ÛMYNi U i
exp(−1)

? S�U @
x∗ = 1

ZM>�< S @cC�>�j U VÇ>=LNLN>Æ>=<cC
Q=@ S YN<�< G BaC�>ÞZ G BM<6LWVÇYNBDCR>=@u` G LNLN>

[0, 1]
>_CÈZ�A=Q=@ S YN<�< G BaC�>ÞZ G BM<6LWVÇYNBDCR>=@u` G LNLÉ>

[1,+∞[
dH>_CÈ>=LNLN>Æ`aA=@0YîÜ�>ÞL G

?M@ S ?M@�YNA�C�A
∀ x, 0 < x < 1, ∃! y > 1, h(x) ≡ h(y)

>_C
∀ x, 1 < x <∞, ∃! y < 1, h(x) ≡ h(y)
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h(x) = x exp(−x)
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+
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+
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+
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+
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+
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+
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+
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+
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m∈Ml

{
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á B!?�> U C G L S @�<HO S @0i U LN>=@ U B
C�>EL3?M@ S�X LN;=in>�Q S iÈin> U B!?�@ S�X LN;=iÈ>�ZM>�<�AELN>=Q_C�Y S B!Z�>2i S Z�;=LN>�{
r Bïi S ZM;=LÉ>[<0>=@ G Y\C G L S @�<ÈC S�U C�< S�U <czì>=<0? G QE>[Z�>[LWVÇ>E<�? G Q=>ÔLNYNBMA G YN@�>ÔZ�>=<nO S B�Q_C�Y S B�<nQ S BM<cC G BaC�>=<n? G @
i S @�Q=> GqU Û¸Z G B�<lLWVÇYNBaC�>=@u` G LNLN>

[1, N ]
{ á BhB S C�> U BÔC�>=L*>E<�? G Q=> Ù S�U O G iÈYNLNLÉ>!ZM>!i S ZM;=LÉ>=< Ú {Sm,m ∈

M} d S�Ï m ZMA=<0Y p B�> U BM>(< U�X Z�Y\`·YN<0Y S B Ù ? G @uCRY\C�Y S B Ú Z�>mLWVÇYNBaC�>=@u` G LNLN>(ZM>^C�>=in?M< [1, N ]
{ á B[<uÍMi X�S LNYN<�>

U B�>Ô< UMX ZMY\`MYN<�Y S B¨CR>=iÈ? S @�>=LNLN>
m
? G @n@ G ?M? S @uC-Î�<0>=<�? S YNBDCR<�ZM>¸QR: G B p >=in>=BDCÞ< U Q=Q=>=<0<0YNO�<ÆQ S iÈin>

< U Y\C!ð
m = (τk)k=1,··· ,|m|

{ Ý�G Z�YNiÈ>=B�<�Y S B
Dm

Z�V U B[i S ZM;ELN> Sm >=<cC�Z S BMQ
Z S BMB�A=>
? G @�LN>(B S i X @�>
ZM>^<0> p in>=BDCR<�Z�>^< G < U�X ZMY\`MYN<0Y S BÞ<0? G C�Y S zWC�>=in? S @0>=LNLN>

m
d GqU C�@0>=iÈ>=BaC�zìZ�Y\C

Dm = |m| d·>_C S BÞ< U ?�? S <0>
j U >

1 ≤ Dm ≤ Dmax
{ FHG @^Q S BD`a>EBDC�Y S B�d S BhQ S BM<0YNZM;=@0>!j U >!j U >=L*j U >!< S Y\C

m ∈ M d S B G
τ1 ≡ 0

>_C
τ|m| ≡ T

{ á BÔA=Q=@�Y\C G L S @�< U B[i S ZM;=LN> Sm Q S iniÈ>(< U Y\C�ð

Sm(·) =

|m|∑

k=1

Uk
v I

(τk−1,τk](·)

S�Ï {Uk, k = 1, · · · , |m|−1} < S BDC*Z�>=<�Q S >?>�Q=YN>=BDC�<�@�AE>=LN<E{ ä�S iniÈ> S B�Q S BM<0YNZ�;=@�>�LN>�Q G <�: S i S <�QEA=Z G <cz
C�YNj U >�d G L S @�<�LWVÇ>=<cC�YNi G CR> U @�Z�>^?M@ SqÊ >EQ_C�Y S B

ŝm
Q S @�@�>E<�? S BMZ G BDC GqU i S ZM;=LN> Sm >E<uC5QE>=L U Y�inYNBMYNinYN< G BDC
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LN>
Q=@�Y\C�;=@0>(j U$G ZM@ G C�YNj U >(< U @ Sm d�YW{Ç>�{

ŝm = arg min
t∈Sm

N∑

i=1

(yi − ti)2

>_Cl<EVÇ>_Û·?M@0YNiÈ>(Z S BMQ(? S�U @�C S�U C
t = 1, 2, · · · , T Q S iÈiÈ>
< U Y\C�ð

ŝm(i) =

|m|∑

k=1

yk
v I

(τk−1,τk](i)

G `a>=Q
yk =

1

τk − τk−1

τk∑

i=τk−1+1

yi

>_C�LN>�Q=@0Y\C�;=@�>�?�A=B G LNYN<0A�dq>EB U C�YNLNYN< G BaC�LN>�<�>EQ S BMZ6Q=@0Y\C�;=@�>5?�A=B G LNYN<0A Ù < ä�F Ú j U V S B G ?M@�AE<�>EBDC�A�?ML U <H: GqU CÕd
<EVÇA=Q=@�YîC�Q S iniÈ>
< U Y\C�ð

Crit(ŝm) = γ(ŝm) + pen(m) Ù �·{ å�å Ú
S�Ï

pen(m) , pen(Dm) ≡
(

(2− α)(1 + θ) +
(2− α

θ
+

2

α

)
Lm

)
Dm

G `a>=Qnð
ñ <�Y S B Q S BM<0YNZM;E@�> U B <0> U Lm?M@ S Q=>=<0< U <

Y
ÎÀL G O S YN< Ù <0A=LN>EQ_C�Y S B ZM>�i S ZM;=LN>�<0YNiÈ?�LN> Ú ð

Lm ≡ θ2 − 4
Dm

d
θ
>=<cClL G ?ML U <�?�>_CRY\C�>^` G LN> U @�? S <0Y\C�Y\`a>m`aA=@0YîÜ G BDC

θ2 ≥ 4

4 exp(−4) =

Dmax∑

D=1

CardM(D) exp(−θ2D)

>_C
α = θ√

θ2+θ+θ

{
ñ <�Y S B!Q S B�<�YNZ�;=@�>

L
?�@ S Q=>=<0< U <

Y l <�YÉi U L\C G BMA=in>=BDC Ù <0A=LN>=Q�C�Y S B�<�YNi U L\C G BMA=>2Z�>ªi S Z�;=LN>=< Ú ð

Lm ≡ θ2 − 4
∗

DmG `a>=Q 4∗ > 0
d�>_C

θ > 0
A�C G BDClL G ?ML U <�?�>�C�Y\C�>^` G LN> U @�`aA=@�YîÜ G BDC

θ2 ≥ 4∗

4∗ exp(−4∗) =
L∑

l=1

Dlmax∑

D=1

CardMl
(D) exp(−θ2D)

>_C
α = θ√

θ2+θ+θ

{
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<0>=@ Ù �·{ å�å Ú d S BnQ G LÉQ U LN>�? S�U @ D = 1, · · · , Dmax

LN>E<�>=<cC�YNi G C�> U @�<
ŝD = arg minŝm,|m|=D ‖y− ŝm‖2æ�¶ d&? U YN< S BïiÈYNB�YNiÈYN<0>[< U @

D = 1, · · · , Dmax
L G j U�G BaC�Y\C�A

γ(ŝD) + pen(D)
{ F*S�U @nQ=>[j U Y5>=<cC

ZM>E<Èj U�G BDCRY\C�A=<
CardM(D)

d&Q=>=LNLN>=<czìQEY5?�> U `a>EBDC�<0>[Q G L U LN>=@n? G @ÈLN> X Y G YN<�ZM>[L G O S @�i U LN>[@0A=Q U @0<�Y\`3>
< U Y\` G BDC�>Èð

ñ cN,d = 0
ú�<0Y

d > 1

ñ ck,1 = 1
dMj U >=L�j U >(< S Y\C

k = 1, · · · , N
ñ ck,d = ck+1,d + ck+1,d−1

ñ CardM(D) = c1,D
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1D
pDGqU <0<0YN>=BàZ�>

C G YNLNLÉ>
N
Q S iniÈ>(< U Y\C�ð
ñ Ý�G Z�YNiÈ>=B�<�Y S B Ù S�U LN>
B S i X @�>(Z�>(<0> p iÈ>EBDC�< Ú Z U <0Y p B G L�< U Y\C U BM> FTS YN<0< S B P(10)

{
ñ FTS�U @ U BM>lZ�YNiÈ>=B�<0Y S B

D
Z S BMBMAE>lZoV U BÆ<0Y p B G LWd�L G L S Q G LNYN< G C�Y S BÞZM>^<0>=<

D− 1
? S YNBDC�<�ZM>

@ U ?�C U @�>(< U Y\C U BM>(L S Y U B�YNO S @�in>
U [1, N ]

{
ñ Ý�G i S Ía>=BMB�>ÔZ U <0Y p B G L�Z G BM<�QR: G Q U BºZM>¸<�>E<

D
<0> p in>=BDC�<�< U Y\CÞL S Y pDGqU <�<0YN>=B�BM>ÔZ�>

i S Ía>=BMB�>
µ = 2

>_C!Z�VÇA=Q G @uC0zWCKÍ·?�>
σ = 2

{ á B�O G YîC G C�C�>=BaC�Y S BàÎ[Q=>nj U >ÈL G Z�Yîó�A=@�>EBMQ=>
>=BaC�@�>�ZM> U Û¸B�Y\`a> GqU Ûh< U Q=Q=>=<0<0YNO�<^< S Y\C(<0Y p BMYNÜ�Q G C�Yî`a> Ù S BtL G ?M@�>EBMZt< U ?�A=@0YN> U @�> S�U A pDG LÉ>
Î

2 Ú ? S�U @�j U V S BÔ? U YN<�<0>(YNBaC�>=@�?�@�A_C�>E@5?M@ S ?M@�>=in>=BDClB S <�@�A=< U LîC G C�<E{
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L
ZM>6C�>=LN<�<0Y pDG B U Û U BMYNZ�YNiÈ>EBM<0Y S BMB�>=LN<

Y l, l =

1, · · · , L dq>_C S B6?�@ S Q=;=Z�>5ÎlL G Z�A_C�>=Q�C�Y S B6ZM>�@ U ?�C U @�>�? G @H<0A=LN>=Q_C�Y S B6ZM>�i S ZM;=LN>�Q S iÈiÈ> S B6LWV G ZMA=Q=@0Y\C
Z G BM<^L G < S�U <czì<0>=Q_C�Y S Bt?M@0A=Q=A=ZM>EBDC�>!>EB U C�YNLNYN< G BDC(LN>�ZM> U Û·YN;=in>!Q=@�Y\CR;=@�>!Z�>!<0A=LN>=Q�C�Y S BtZM>�i S Z�;=LN>!j U >
B SDU < G ` S BM<(?M@�A=<0>=BaC�A�?�L U <m: G�U CÕd�Z�V GqX�S @�Zod�Z G BM<m< G `3>=@�<0Y S BÔüu<0A=LN>=Q�C�Y S B�ZM>�i S Z�;=LN>�<0YNiÈ?�LN>_ý�d½? U YN<
Z G BM<ª< G `a>=@�<0Y S B6üu<0A=LN>=Q_CRY S B�<0YNi U L\C G B�A=>�Z�>�i S ZM;=LN>=<cý�{ á B�@�A G LNYN<0> U B�>5C�>=LNLN>l>_Û·?�A=@�YN>=B�Q=>�? SDU @ªZMYîó½A_z
@�>=BaC�>=<�` G LN> U @�<�ZM>

L Ù L = 100, 200, 1000 Ú >_C�? SDU @5QR: G j U >(>_Û·?�A=@�YN>EBMQ=>�d S B[Q G LNQ U LN>(LN>=<�j U$G BDC�YîC�A=<
15 Â»����Â»Å?À�ÂÃ��À;��Ê9� ŝD � D = 1, · · · , Dmax

�4�����#���Æ�(����kúÅÆ���T�*��� ���Ø�T��¼��h�u�4¿?À�º��9¿?¼´��Å?À!��� ������À;����ÅÆ�?�(À�Å����T¿r�?��ÅÆ¼<�¼´Å^����¿?�ËÊ�º���Å?¼½�;Ä��9�Ê¨ 6�Å�ºKv�©r©rªm«
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>=in?MYN@�YNj U >=<�< U ` G BDC�>=<
ð
ñ Ý�G Z�YNiÈ>=B�<�Y S B[i S Ía>=BMB�>

D
L Z S BMB�A=>(? G @

D
L

=
1

L

L∑

l=1

D̃L
l

ñ Ý VÇYNBMZ�YNQ=>(Z�>(< U @uz G�ÊuU <cC�>EiÈ>=BDCli S Ía>=B
DL+
x

ð

DL+
x =

1

L

L∑

l=1

(D̃L
l −DL

l )
v I

(0,∞](D̃
L
l −DL

l )

ñ Ý >(@0YN<�j U >(>=in?MYN@0YNj U >
i S Ía>=B RL ð

RL =
1

L

L∑

l=1

‖s̃l − sl‖2
Nσ2

e S YNQEYoLN>E<�@�A=< U L\C G C�<�j U V S B G6S�X C�>=B U <
ð
ñ L = 100 7 �X �)*�� �~q� ��E3~��

D
L

DL+
x RL

BIC 11.880 1.520 0.327
SCP 10.40 0.365 0.310
SCPS 9.170 0.060 0.327

ñ L = 500 7 �X �)*�� �~q� ��E3~��
D
L

DL+
x RL8�ÿ �

12.498 1.632 0.370ø � �
10.658 0.380 0.321ø � � ø
8.814 0.004 0.372

ñ L = 1000 7 �X �)*�� �~q� ��E3~��
D
L

DL+
x RL8�ÿ �

12.370 1.473 0.361ø � �
10.717 0.401 0.321ø � � ø
8.652 0.001 0.384

ñ L = 5000 7 �X )T�º D~q�É�9E3~��
D
L

DL+
x RL8<ÿ �

12.294 1.540 0.358ø � �
10.5846 0.377 0.315ø � � ø
8.114 0.001 0.426

á BÔ@�>Ei G @�j U >(Z�V GqX�S @�ZÔj U >
LN>
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U B[< U @uz G�ÊcU <cC�>=in>=BDC�i S Ía>EB-j U Y½>=<cC�>EBD`·YN@ S B-j U$G C�@�>mO S YN<5?ML U <5?�>_C�Y\C�j U >mQ=>EL U Y½j U >m@�A G LNYN<0>mLN> 8<ÿ � {
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B S i X @�> U <0>=<�O GqU <0<0>=<�ZMA�C�>=Q_CRY S BM<�YNB�:MA=@�>EBDC�>=< GqU Q G @ G Q_CR;=@�>
<�YNi U L\C G BMA(Z�>(LWV G B G L\Í·<0>�{

<·> U LN>=in>=BDC�Z G BM<�LN> X�U C�ZM>l? S�U ` S YN@ G ?�?M@�AEQ=YN>=@�`·YN< U >=LNLN>=iÈ>EBDC�L G ?�>=@0O S @�i G BMQ=>lZ U Q=@�Y\C�;E@�>
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B SDU <�i S BaC�@ S B�<5< U @5L G Ü p�U @0>

3.3
j U >=LNj U >=<�@�A=< U L\C G C�<E{

T�¦(9 ` ����)T�0'�	$�0���

]mG B�<�Q=>mQR: G ?�Y\C�@�>Dd�B S�U < G ` S BM<5A_C U Z�YNAmL G <0A=LN>EQ_C�Y S B-Z�>^i S ZM;ELN>^Z G BM< U BÞQ G ZM@�> pDGqU <0<�YN>EB
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D �4¿#�9�*Â.��ÅÆÄ��9�%���T¿�Â»���T�����,�!��Å^����¿r�Q����¼��4¿Æ�T��À5�����,Á��#ÅÆÀXÈ CardM(D) �7�;ÀX��
 �����T�����½Ä#�K
 ÅÆ����¿3��ÅÆÀ��Q�úÌ �ÆÌ��4¿#�9�Z�T¿?���,À����Í�À�¿9Â»��Ê9�½À�
 ��¼´Åm�Æ�½Â»¿?�¾kú¿?��Ê����.���4¿?��Åí�����,���;Â.�9�������½Ê9� LCardM(D) Ê��½¼*¿9Ê¾�UÀ����ÚÅ�º#ÅÆ�?��À�ÅÇÊ���¼½�����T��¿#� D Ä��9��ÀkÄ��9���¿?��� D = Dmin, · · · , Dmax Ì
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Q S B�<0YN<uCR>(>=B[j U >ELN<5i S C�YNO�< S B[QR:M>=@0QR:M>(Z G B�<5LN>E<5Z S BMBMAE>=< Ú Z G B�<5L G O G iÈYNLNLN>(Z�>(i S Z�;=LN>=<5Q G BMZMYNZ G C�<
S
{ ä >=L G @�>_`·YN>EBDC�Z S BMQÔÎ�QR: S YN<0YN@ÈZ�>[O Gqí=S B G ?�?M@ S ?�@�YNA=>[LWVÇ>EBM<0>=i X LN>[ZM>E<ÈQ S B·Ü pDU @ G CRY S BM<n<0? G C�Y S z

C�>=in? S @0>=LNLN>=< M j U Y�< S BDCÞ< U <0Q=>=?�CRY X LN>=<ÆZoVÇß_CR@�>¸L G Q S B·Ü p�U @ G C�Y S BºZ�>¸L G ? G @uCRYN>¸ZMA_C�>E@�iÈYNB�YN<uCR>ÔZ U
<0Y p B G L

Y = {Yi(t), i = 1 · · · ,M, t = 1, · · · , N} { r B�>�C�>=LNLN>ÈYNBaC�@ S Z U Q_CRY S B�Z�V U BM>ÈYNB�O S @�i G C�Y S B�ø
ù�Ø_Ñ�ÖqØ_Ñª? S <0<�;EZM>(LN>=<5C�@ S YN< G ` G BDC Gqp >=<�< U Y\` G BDC�<
ð
v {�f&Q G @uC�>
LN>=<�i S ZM;=LN>=<�j U Y�BM>
Q S @�@0>=<0? S B�ZM>=BDCl? G < GqU Û[Z S B�BMA=>E<�? S�U @ S�X C�>=B�YN@ U BÔ>=<cC�YNi G C�> U @
ZM>
S
j U V S BÔ< GqU @ G YNBDC�>E@�?M@�A�C�>=@5>_Cl>_Û·?�L S Y\C�>=@�? SDU @5LN>=<�A_C G ?�>E<5Z�V G B G L\ÍM<0>(< U Yî` G BDC�>E<={

w�{ Ý YNinY\C�>!L G O G iÈYNLÉLN>!ZM>=<li S ZM;=LÉ>=<lQ G BMZ�YNZ G CR<
S
d�>_Cm? G @lLÉÎ·d$@0A=Z U Y\C^LN>!@�YN<0j U >!ZM>!LWVÇ>=<cC�YNi G C�> U @

?�A=B G LNYN<0A�dMQE>(j U Yo<�>mC�@ G Z U Y\ClZ S BMQ
? G @ U BM>(>E<uCRYNi G C�Y S B[?�L U <�>?>�Q G Q=>
ZM>
S
{

�·{ F >=@0iÈ>_CnZM>ÞQ S B�Q=>_` S YN@ U B G L p�S @�Y\C�:�iÈ>->?>nQ G Q=>ÞZM>ÞinYNBMYNinYN< G C�Y S B¨Z U Q=@0Y\C�;=@�>Þ?�A=B G LNYN<�AD{Hf�B
>�ó�>_C�dM<�YoLWV S B[B�>(?M@�>=B�Z[? G <�Q S in?�C�>(Z�>mQE>_C�C�>
YNBMO S @�i G C�Y S B÷ø(ù�Ø_Ñ�ÖqØ_Ñ�dMYNLo>=<cC�YNin? S <0<0Y X LN>
Z G BM<
B S C�@0>ÆQ G <�ZM>nC�@ SDU `a>=@ U B G L p�S @0Y\C�:Min> G Í G BDC U B�>�Q S iÈ?MLN>�Û·Y\C�A G L p�S @�Y\C�:�iÈYNj U >Æ@ G YÉ< S B�B GqX LN>
Ù Q S in?MLN>_ÛMY\C�AÈ? S L\Í·B S iÈY G LN>n? G @
>_Û·>=in?MLN> Ú ? S�U @(@�A=< S�U Z�@�>ÈB S C�@�>n?M@ S�X LN;=iÈ>ÈZ�>È<0A=LN>=Q_CRY S B�Z�>
i S Z�;=LN>�{

Ý VÇYNBDCR@ S Z U Q_C�Y S B ZM>tQ=>�C�C�>tYNB�O S @�i G C�Y S B ø¸ù�Ø_Ñ�ÖqØ_ÑÈZ G BM<-L G O G inYNLNLN>�ZM>ti S ZM;=LN>E<
S

>=<cC
O S B�ZMA=>!< U @�LWVÇYÉZMA=>!< U Y\` G BDC�>Æð�üU<�Y S Bh< U ?M? S <�>!j U >!LWVÇYNBDCR>=BM<0Y\C�A!ZM>!LWV S�X·Ê >_Cmj U Y�C�@ G `a>E@�<0> U BM>!@�A p Y S B
Ù S�UÔX L S Q Ú ZM>(LWVÇYNi Gqp >
>=<cC�Q S B�<uC G BDC�>
? S�U @�C S�U <�LN>=<�` S ÛM>=LN<�Z�>mLWV S�X·Ê >_C�d G L S @�<�Î6QR: G j U >(YNB�<cC G BDClZ U
? G <�< Gqp >Dd½LWV S�X·Ê >�C
ZMY\`·YN<0>6LN>E<l` S Û·>=LN<(Z U�X L S Q6>=B�ZM> U ÛtQ=L G <0<0>=<Èð U BM>6?�@�>=iÈYN;E@�>6Q=L G <0<0>6Q G @ G Q_C�A=@�YÉ<�AE>
? G @ U BM>ÈYNBaC�>=BM<0Y\CRAÈi S Ía>=B�BM>È: GqU C�>nZ S BDC!LN>=<m` S Û·>=LN< G ?M? G @uC�YN>=B�BM>=BaC�Î[LWV S�X·Ê >_C�do>_C U BM>ÈZM> U Û·YN;=in>
Q=L G <0<0>nQ G @ G Q_C�AE@�YN<0A=>n? G @ U B�>nYNBDC�>=B�<0Y\C�Ani S Í3>=BMBM> X�G <0<0>nZ S BDC!LN>=<(` S Û·>ELN< G ?M? G @uC�YN>EBMBM>EBDC GqU O S BMZ
ZM>
LWVÇYNi Gqp >
Q S @�@�>=<0? S BMZ G BDC GqUÔX L S QD{ ý
á B!?�> U C G L S @�<*YNB�Q=L U @0>ªQ=>�C�C�>2YNBMO S @0i G C�Y S BÞø2ù�ØRÑ�Ö�ØRÑ½Z G B�<*L G O G iÈYÉLNLN>ªZ�>ªi S ZM;ELN>=<

S
>=B!YNBDC�@ S Z U YN< G BaC

U B�>&O S B�Q_C�Y S Blüu@ G B J ý&j U Y S @�Z S BMBM>�LN>=<½` S Û·>ELN<�ZoV U B X L S QªÎ U B(YNBM<cC G BDC�Z S BMB�A Ù S�U ?�>EBMZ G BaC U B�>&?ML Gqp >
ZM>ÈC�>EiÈ?M<!Z S B�BMA=> Ú ZoV U BM>�Q S B·Ü p�U @ G C�Y S Bà<0? G CRY S zWC�>EiÈ? S @�>=LNLN>�ZM> S ? G @�@ G ?�? S @cC�ÎÔLN> U @�YNBDC�>=B�<�YîC�A
i S Í3>=BMB�>2Î�Q=>_CTYNB�<cC G BDC Ù @�>=<0?�>EQ_C�Y\`a>=in>=BDCHZ G B�<�L G ?�L Gqp >ªZ�>&C�>EiÈ?M<*Q S BM<0YNZMA=@0A=> Ú { Ý�G O S B�Q_C�Y S Bmüu@ G B J ý
>=<cC G L S @�<�YNBMZM>�Û·A=>(? G @�LWVÇ>=BM<0>=i X LN>(Z�>=<5YNBaC�>=@u` G LNLN>=<�Z�>lCR>=iÈ?�<

τ
YNBMQEL U <�Z G B�<5LWVÇYNBaC�>=@u` G LNLN>

[1, N ]
dMZ�>

< S @uC�>
j U >
rankτ (i)

Z�A=<0Y p BM>
LN>(@ G B p Z U ` S Û·>=L
i
Z G B�<5LWVÇYÉBDC�>=@u` G LNLN>
ZM>mC�>=iÈ?�<

τ
{ á B GÈG L S @0<

rank :
{
τ ⊆ [1, N ]

}
× {1, · · · ,M} −→ {1, · · · ,M}

(τ, i) 7−→ rankτ (i)
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>_C

rankτ (i) = k ⇔ ∃ j1
i 6= j2

i 6= · · · 6= jMi ∈ {1, · · · ,M}
C�j�{

1

|τ |
∑

t∈τ
Si(t) ≥

1

|τ |
∑

t∈τ
Sj(t),∀j ∈ {j1

i , · · · , jk−1
i }

>�C 1

|τ |
∑

t∈τ
Si(t) ≤

1

|τ |
∑

t∈τ
Sj(t),∀j ∈ {jk+1

i , · · · , jMi }

k�`3>=Q�LWVÇYNBDC�@ S Z U Q_C�Y S B6ZM>�Q=>_C0C�>�O S B�Q_C�Y S B
üu@ G B J ý�d�YNL�ZM>_`MYN>=BDC G L S @�<H? S <�<0Y X LN>ª`·Y G < S B U C�YNLNYN< G C�Y S B6ZM>�Z�A_z
Ü�B�YN@ U BM>l< UMX ZMY\`MYN<0Y S BÆ<0? G C�Y S zWCR>=iÈ? S @�>=LNLN>

m
<0> U LN>=iÈ>=BaC5Î!? G @uCRYN@2Z�>l< G Q S B·Ü p�U @ G CRY S B�C�>=in? S @�>ELNLN>�d

YW{Ç>�{oÎÆ? G @cC�YN@^Z�>!< G ? G @uCRY\C�Y S B (
τh, h = 1, · · · ,H

) Z�>�LWVÇYNBDC�>=@c` G LNLN>
[1, · · · , N ]

d�>=BhÍ G�ÊuS�U C G BDC(Z�>=<
B S i X @�>E<

rh
Q S in?M@�YN<5Z G BM<

[0,M ]
>_C�j U Y�Z�YNQ_C�>EBDC�Î�j U >=L½@ G B p6S B-O G Y\C�L G <�AE? G @ G CRY S B->=BaC�@�>l` S ÛM>=LN<

ZM>^L G Q=L G <0<0>
C1
h

j U Y G ?M? G @uC�YN>EBMBM>=BaC�Z S BMQmÎ�LWV SDX·Ê >_CÕd�>_C�` S Û·>=LN<�Z�>lL G Q=L G <0<0>
C2
h

j U Y G ?�? G @uCRYN>=BMB�>=BDC
Z S BMQ GqU O S B�Z[ZM>
LWVÇYNi Gqp >DdMY.{Ç>�{

rankτh(i) ≤ rh ⇔ i ∈ C1
h

>_C
rankτh(i) > rh ⇔ i ∈ C2

h

á BÔA=Q=@�YîC G L S @0<�LWVÇ>=BM<0>=i X LN>
ZM>=<�< UMX ZMY\`·YN<0Y S B�<5<0? G C�Y S z.C�>=iÈ? S @�>=LNLÉ>=< M ZM>
S
Q S iniÈ>(< U Y\C�ð

M =
{{

(τh, rh), h = 1, · · · ,H
}

; τh ⊆ [1, N ], τh ∩ τh′ = ∅,
YNO
h 6= h′,∪Hh=1τh = [1, N ];

rh ∈ {1, · · · ,M},∀h ∈ {1, · · · ,H};H ∈ {1, · · · , N}
} Ù �M{�� Ú

>_C�LWVÇ>=<cC�YNi G C�> U @5ZM>m?�@ SqÊ >=Q�C�Y S B G <0< S Q=YNA(Î U B�>m< UMX ZMY\`·YN<0Y S B[<�? G C�Y S z.C�>=iÈ? S @�>=LÉLN>
m =

{
(τh, rh), h =

1, · · · ,H
} Q S iÈin>(< U Y\C

(
Ŝm
)
i
(t) =

H∑

h=1

[
Y h,1

v I (
rankτh(i) ≤ rh

)
+ Y h,2

v I (
rankτh(i) > rh

)] v I
τh(t)

S�Ï
Y h,1

<EVÇA=Q=@�YîC

Y h,1 =
1∑

t∈τh
∑

i,rankτh (i)≤rh
1
σ2
i,t

∑

t∈τh

∑

i,rankτh(i)≤rh

Yi(t)

σ2
i,t

>_C
Y h,2 Ù <EVÇYNL�>_Û·YN<cC�> Ú <=VÇAEQ=@�Y\C!ð

Y h,2 =
1∑

t∈τh
∑

i,rankτh (i)>rh
1
σ2
i,t

∑

t∈τh

∑

i,rankτh(i)>rh

Yi(t)

σ2
i,t
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<0? G CRY S zWC�>=in? S @�>=LNLN> Ý�G j U >E<uCRY S B²j U Y5<0>[? S <0>[i G YNBDC�>EB G BDCÆ>=<cC�Q S iÈin>=BDCÆQ S BMB G�ô C�@�>ÔL G O S BMQ_C�Y S B
rank

? U YN<0j U >!>=LNLN>�ZMAE?�>=B�ZhZM>�L G i S Ía>=BMB�>!Z U <0Y p B G LWd�Z S BMQ!Z�>
S
j U YT>=<cCmYNBMQ S BMB U { Ý�G <�?�A=Q=YîÜMC�A

ZM>6B S CR@�>6?M@ S�X LN;=iÈ>6Z7Î GqU O G Y\C
j U >6LN>=< S�X·Ê >_CR<mQ S BDCR@ G <cC�A=<m?�@�A=<0>=BaC�>=BDC U BM>6i S Í3>=BMBM>6Z�VÇYNBDC�>=B�<0Y\C�A
< U ?�A=@�YN> U @�>[Î�Q=>=LNLN>[Z U O S BMZ²YNiÈ?�LNYNj U >[Z S BMQ-LWV U C�YNLNYN< G C�Y S BïZM>-L G i S Ía>=BMB�>->=in?MYN@�YNj U >-Z U <0Y p B G L
Q S iniÈ>
< U Y\C�ð

r̂ankτ (i) = k ⇔ ∃ j1
i 6= j2

i 6= · · · 6= jMi ∈ {1, · · · ,M}
C�j�{

1

|τ |
∑

t∈τ
Yi(t) ≥

1

|τ |
∑

t∈τ
Yj(t),∀j ∈ {j1

i , · · · , jk−1
i }

>�C 1

|τ |
∑

t∈τ
Yi(t) ≤

1

|τ |
∑

t∈τ
Yj(t),∀j ∈ {jk+1

i , · · · , jMi }

ãlS�U <�< S iÈin>=<�i G YNBDC�>=B G BDCÆ>EBïiÈ>E< U @�>ÔZ�>ÔZMA=QE@�YN@�>ÔB S C�@�> G L p�S @�Y\CR:MiÈ>¸Z·Í·B G inYNj U >ÔZ�>
iÈYNB�YNiÈYN< G CRY S B[Z U Q=@0Y\C�;=@�>
?�A=B G LNYN<0A(< U Y\` G BDC!ð

Crit(Ŝm) =
M∑

i=1

N∑

t=1

(
(Ŝm)i(t)− Yi(t)

)2

σ2
i,t

+
(

(2− α)(1 + θ) +
(2− α

θ
+

2

α

)
Lm

)
Dm Ù �M{ å Ú

b�>=i G @�j U$G BDC�ZoV GqX�S @�Z�j U >
Crit(Ŝm)

>=<cC�Q S in? S <0AÈZM>ÈZM> U ÛhC�>=@�in>=< G ZMZMY\CRYNO�<Ed½LN>n?M@�>=inYN>=@^C�>=@�in>
BM>!Z�A=?�>EBMZ G BDC^j U >!ZM>E<lZ S B�BMA=>E<

Yi(t)
>_CmB S BhZM>!L G ZMYNiÈ>EBM<0Y S B

Dm
Z�>

Ŝm
d$>�CmLN>!<0>=Q S B�ZÔC�>=@�in>

BM>-ZMAE?�>=B�Z G BDCnj U >-ZM>-L G ZMYNin>=BM<0Y S B
Dm

ZM>
Ŝm

>_CnB S BÀZ�>=<6Z S BMB�A=>=<
Yi(t)

{ á B¨Z�A�Ü�B�Y\C G L S @0<
LWVÇ>=<cC�YNi G C�> U @

ŜD
? S�U @�C SDU C

D ∈ [Dmin, · · · , Dmax]
Q S iÈin>(< U Y\C!ð

ŜD = arg min
m∈M,Dm≡D

γ(Ŝm), ∀D ∈ [Dmin, · · · , Dmax]

á BÔ>=B[Z�A=Z U Y\C�j U >(LWVÇ>=<cC�YNi G C�> U @5?�A=B G LNYN<0A
S̃
`aA=@�YîÜ$>

S̃ , arg min
m∈M,Dm≡D

Crit(Ŝm) = arg min
D=Dmin,··· ,Dmax

[
γ(ŜD) +

(
(2−α)(1 + θ) +

(2− α
θ

+
2

α

)
LD

)
D
]

ã�S CR@�> G L p�S @�Y\C�:Min>¸?�@ S Q=;=Z�>¸Z S B�Q¸ZoV GqX�S @�Zº? G @�LN>¸Q G LNQ U Ll? S�U @nQR: G j U >¸ZMYNin>=BM<0Y S B
D Ù ∀D ∈

[Dmin, · · · , Dmax] Ú ZM>�LWVÇ>=<cC�YNi G CR> U @ ŜD dE< G O S BMQ�C�Y S BlüuQ S Î·C�ý γ(ŜD)
G YNB�<�YDj U >�L G j U$G BDC�Y\CRA

CardM(D)
j U Y�@�>E?M@�A=<0>=BaC�>�LN>!B S i X @0>�ZM>!i S ZM;=LÉ>=< Ù S�U ZM>!O Gqí=S BhA=j U Y\` G LN>=BaC�>�d�LN>�B S i X @�>!ZM>�Q S B·Ü pDU @ G CRY S BM<
m ∈M Ú G Í G BDC�L G ZMYNin>=BM<0Y S B D d3>_C�QE>�d3>=B U C�YNLNYN< G BDC5L G ?M@ S�p @ G iÈi G C�Y S BÞZ�Í·B G iÈYNj U >�d3? U YN<�? G @2L G
iÈYNB�YNiÈYN< G CRY S B[? G @5@ G ?M? S @uClÎ

D
ZM>(L.VÇ>_Û·?M@0>=<0<�Y S B

Crit(ŜD) ,
[
γ(ŜD) +Big((2− α)(1 + θ) +

(2− α
θ

+
2

α

)
LD

)
D], ∀D ∈ [Dmin, · · · , Dmax]
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k�` G BDCÞZ�>¸ZMAEQ=@�YN@�>hLWV G L p�S @�YîC�:Min>¸Z·Í·B G iÈYNj U >¸j U Yl?�>=@0iÈ>_CÞLN>hQ G LNQ U L�Z�>¸LWVÇ>=<cC�YNi G C�> U @
ŜD

dªZ�>¸< G
O S B�Q_C�Y S BhüuQ S Î�C�ý

γ(ŜD)
G YNBM<0Y�j U >ÈL G j U�G BDCRY\C�A

CardM(D)
d½Ü·Û G BDC!ZoV GqX�S @�Z�j U >=LNj U >=<
B S C G C�Y S BM<

j U Y�` S BDClB SDU < G YNZM>=@�Î6Z�A=Q=@�YN@�>
LWV G L p�S @0Y\C�:Min>nð
ñ á B[ZMA�Ü$BMY\C�L G O S B�Q_C�Y S BÆüuQ S Î·C�ý

γτ (i, j)
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Ĥi,l , Hi,l + αi,lξi,l avec ξi,l ∼ N (0, 1)

á B÷< U ?M? S <�>E@ G >=B S�U C�@�>Þj U >ÞLN>=<�` G @�Y GqX LN>=<
νl
d
ξi,l
d
i = 1, . . . ,M

d
l = 1, . . . , L

< S BDC
YNBMZ�A=?�>EBMZ G BDC�>=<E{�f�B[< U ?�? S < G BaC�j U >

fz = Hfv
d S B[>=BÔZMA=Z U Y\C�Z S BMQ(j U >Èð

f̂z(l) =
M∑

i=1
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< U Y\C�ð

Y = Aθ + ε

θ ≥ 0

Ù å { v � Ú
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Ý >�?�@ S�X LN;EiÈ> å { v wn?�> U C GqU <0<0Y�ß�C�@�>�@0A=A=Q=@�Y\C^< S�U <�L G O S @�in>�ZoV U BÔ?�@ S�X LÉ;=iÈ>�YNBa`a>=@�<0> G `a>EQ
Q S BaC�@ G YNBaC�>=<�Z�>l? S <�Y\CRY\`·Y\C�A^< U @2LN>=<ª` G @�Y GqX LN>=<Ed3? S�U @�Q=>=L G YNL�< U >ÈC�ZoVÇYNBaC�A p @�>E@2L G Q S BDCR@ G YNBDCR>lZ�VÇA pDG LNY\CRA
Î
H
>_C
fz
dM>_ClZ S B�Q(ZM>
ZMA�Ü�B�YN@

Ĥ∗i,l =





Ĥi,l, 1 ≤ i ≤M ; 1 ≤ l ≤ N
1, 1 ≤ i ≤M ; l ≡ N + 1;

>_C
f̂∗z (l) =





f̂sz (l), 1 ≤ l ≤ L
1, l ≡ L+ 1

á BÔ@�A=A=QE@�Y\C G L S @�< Ù å { v w Ú Q S iÈin>(< U Y\C!ð

f̂∗z (l) =
M∑

i=1

Ĥ∗i,l × fv(i) + σlεl , l = 1, · · · , L+ 1;

CÕ{Çj�{
fvi ≥ 0, i = 1, · · · ,M Ù å { v å Ú

S�Ï
εL+1

?�> U Clß_C�@�>
Q S B�<0YNZMA=@�AE>
Q S iÈin> U B�> ö GqU <�<0YN>EBMBM>
<cC G BMZ G @0Z[Z�VÇA=Q G @uC�CKÍ·?�> σL+1 −→ 0
{$f&B

?M@ G C�YNj U >�d S BÔ?�> U C�?M@�>EBMZM@0>
σL+1

< U >�< G iÈiÈ>EBDC�?�>_C�Y\CÕ{

gØ¦.T Y #T�V!�( ���	  �� ��#�	�����'(���0���  �' �!���§«6��ì����"�0����#&���0���8��� 1 �&�½	�� � 1 ��)
'��!�")*�������½���������" !�"�!���m�3�!#H/������ 1 �c��# !�"�0� 	����0'
���0����� gØ¦U¥Å�e�
I LT>_ÛMYN<uCR>!Z�> U ÛhQ G C�A p�S @�YN>=<mZM>�iÈA_C�: S ZM>E<l? S�U @l@�A=< S�U ZM@�>�LN>!?�@ S�X LN;EiÈ>�YNBD`a>=@�<0> G `a>=Q U BM>

Q S BaC�@ G YNBaC�>�Z�>�B S B·zìBMA paG C�Y\`·Y\C�A5ZM>�L G < S L U C�Y S B Ù å { v � Ú { Ý�G ?�@�>=inYN;=@�>�Q G C�A p�S @0YN>�@�AE< SDU C Ù å { v � Ú < G B�<&L G
Q S BaC�@ G YNBaC�>2Z�>ªB S B�zKBMA pDG CRY\`·Y\C�A2? U YN< G BMB U LN>�C S�U C�>=<TLN>=<TQ S in? S < G BDCR>=<TBMA pDG CRY\`a>=<TZM>�L G < S L U CRY S Bo{ r BM>
ZM> U Û·YN;=in>5Q G CRA p�S @�YN>�@�AE< SDU C Ù å { v � Ú >=BÈ?�@�>=B G BDCª>=BnQ S B�<�YNZ�A=@ G CRY S BnL G Q S BaC�@ G YNBaC�>5Z�>5B S B·zìB�A pDG C�Y\`MY\C�A
ZM>(L G < S L U C�Y S B�{ ã�S�U < G LNL S B�<�?M@�A=<0>=BaC�>=@5j U >ELNj U >=< G ?�?M@ S QR:�>=<5? S <0<0Y X LN>=<�ZM>=<�ZM> U Û-Q G C�A pDS @�YN>=<�? S�U @
@�A=< S�U ZM@�> Ù å { v � Ú >_C�LÉ>=< G ?M?�LNYNj U >E@ GqU ?M@ S�X LN;=iÈ> Ù å { v å Ú {
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r B[>=<cC�YNi G C�> U @ GqU <�>EBM<�ZM>=<�i S YNBMZ�@�>=<�Q G @0@�A=<�? S BMZ�A=@�A=<�iÈYNB�YNiÈYN<0>

J(θ) ,
∥∥Y −Aθ

∥∥2

Σ−1
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< S�U <�LN>=<�Q S BDC�@ G YNBDC�>=<�ZM>(? S <0Y\C�Y\`·Y\CRA�{ r BM>(< S L U CRY S B G ?M?M@ S QR:MAE>(ZM>
Q=>(?M@ S�X LN;=in>(>=<cC�O S�U @�B�YN>(? G @(ð

θ̂MCPP ,
[(
A′Σ−1A

)−1
A′Σ−1Y

]+

S�Ï (
A′Σ−1A

)−1 >=<cC U B�>�i G C�@�YNQE>ÆYNBD`a>=@�<0> S�U Î¸Z�A=O GqU C U BM>Æ?M<0> U Z S zìYNBD`3>=@�<0>ÆZM>
A′Σ−1A

{ []+

ZMAE<�Y p BM>(L G ?M@ S�Ê >=Q_C�Y S B[< U @�Z U `a>=Q�C�> U @�< U @ I b M+ {
] V U B�? S YNBDCHZ�>�` U >2B U inA=@�YNj U >�d�Q=>�?M@ S�X LN;=in>2>=<cCH?�L U <T< S�U `a>=BaCH@�AE< S L U ? G @*ZM>E<*inA_C�: S ZM>=<

j U Y�A_`·Y\C�>EBDCnLÉ>-@�>=Q S�U @�<nÎ�ZM>=<Èi G C�@�YNQ=>E<ÈZ S BaCnLN>[Q S BMZ�Y\C�Y S B�BM>=in>=BDCn>=<cC�LN>-Q G @�@�A[ZM>-Q=>EL U Y�Z�>
A
{

á B¨? S�U @�@ G Q S B�< U L\C�>=@ ö YNLNL P=×
ø4O�� ö YNLNL Ù v�: � v Ú�� dH? v � v zuwh? S�U @6?ML U <6ZM>-ZMA_C G YNLN<={ á BÀ?�> U C GqU <0<0Y
B S C�>=@[j U >�L G < S L U C�Y S B ZM>�Q=>tCKÍM?�>�ZM>�?M@ SDX LN;=in>�?�@�A=<0>=BDCR>�L G ? G @uC�YÉQ U L G @0Y\C�A�ZoV G ` S YN@[L G iÈß=in>
VÇ<0>=BM<0Y X YNLNY\C�A�V G�U C S�U @�ZM>
LWV S ?·C�YNi U i Z G BM<�LN>E<�Z�Yîó�A=@�>=BaC�>=<�ZMYN@0>=Q_C�Y S BM< G Q_C�Y\`a>=<I� P�>=@cC�<0> J�G Ù v9:4: å Ú�� SDU
>=B�Q S @�> ∂J

∂θi
(θ∗) = λ∗

? SDU @
θi > 0

>_C ∂J
∂θi

(θ∗) =≥ λ∗ ? SDU @ θi = 0
{

á BÔ? S�U @�@ G YîC�A pDG LN>=in>=BDCl?M@�AEO�A=@�>=@�ZM>(@�AE< SDU ZM@0>(LN>(?�@ S�X LN;EiÈ>
j U�G Z�@ G C�YNj U >(< U Y\` G BDC�ð
∥∥Y −Aθ

∥∥2

Σ−1 → Min

θ ≥ 0

f�B G ?�?MLNYNj U�G BDCTQ=>_C�CR>�ZM>E@�BMYN;=@0>�iÈA_CR: S Z�>ªÎ5B S C�@�>ª?M@ S�X LN;=iÈ>ª? S�U @�>=<cC�YNiÈ>E@�L G ZM>=B�<0Y\C�A�ZM>ª?M@ SDX�GqX YNLÉY\C�A
ZMYN<0Q=@0A_C�YN<0A=>

fv(·)
dMQE>=L G @0>_`·YN>=BDClZ S BMQ
ÎÈBM>
ÎÈ@�A=< S�U Z�@�>(LN>
?M@ S�p @ G iÈin>(j U$G ZM@ G C�YNj U >(< U Y\` G BaC�ð

L∑

l=1

(f̂zl −
∑M

i=1 Ĥi,l × fvi )2

σ2
l

→ Min

CÕ{Çj�{




∑M
i=1 f

v
i = 1

fvi ≥ 0, i = 1, · · · ,M
Ù å { v�8 Ú

9 S�U C�>=O S YN<Ed U BM>mC�>=LNLN>
iÈA�C�: S Z�>(?�> U ClZ S B�BM>=@�ZM>=<�< S L U C�Y S BM<�CR@�;=< X Y G YN<0A=>=<�iÈß=in>
? S�U @5Z�>=<�?�>_C�Y\C�>=<
YNBDCR>=BM<0Y\C�A=<5Z U-X @ U Y\CÕ{ ä VÇ>=<cC�? S�U @0j UMS Y U B�>^@0A p�U L G @0YN< G C�Y S B[ZM>mL G < S L U C�Y S B->=<cC p A=BMAE@ G LN>=in>=BDC�Q S B�<0Y\z
ZMAE@�A=>(? S�U @�@�A=< S�U ZM@�>(>?>nQ G Q=>=iÈ>EBDC U B[?M@ SDX LN;=in>mYNBD`3>=@�<0>mZ�>mL G O S @�iÈ> Ù å { v � Ú { Ý > X�U C�Z�V U B�>lC�>=LNLÉ>
@�A pDU L G @�YN< G CRY S B¸Z�>�L G < S L U C�Y S B¸>E<uCmZoVÇYNBDC�@ S Z U YN@�> U BÀø�ù�Ø_Ñ�ÖqØ_Ñ�< U @�L G < S L U C�Y S B G C�C�>EBMZ U > G Ü�B¸Z�>�L G
@�>=B�ZM@�>�i S YNB�<^<0>=BM<0Y X LN> GqU Ûh?�>=@uC U @ X�G CRY S BM<^Z U >=< GqUhX @ U Y\C�{ ã�SDU <^>=Bt?M@�AE<�>EBDC�>=@ S BM<^Z G B�<^L G < U Y\C�>
j U >=LNj U >=<�inA_C�: S ZM>=< U CRYNLNYN< G BDC U BM>m@�A p�U L G @0YN< G C�Y S B[? S�U @�@�A=< S�U ZM@�>mLN>(?M@ SDX LN;=in>mYNBD`a>E@�<0>mQ S BaC�@ G YNBDC�{
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<·Y S B S�U�X LNYN>�L G Q S BDC�@ G YNBDC�>�ZM>�B S B·zìBMA pDG C�Y\`·Y\CRA�ZM>�L G < S L U C�Y S BnZ G BM<ªLN>�?�@ S�X LN;EiÈ>�LNYÉBMA G YN@0>

YNBD`a>E@�<0> Ù å { v � Ú da>_C�<�Y$L G i G C�@0YNQ=> A >=<cC2ZM>�@ G B p ?MLÉ>=YNBodaYW{Ç>�{D>ELNLN>�BoV G
G�U Q U B�>�` G LN> U @ª<0YNB p�U LÉYN;=@�>�B U LNLN>Dd
G L S @0<�LWVÇ>=<cC�YNi G C�> U @�ZM>=<�i S YNB�ZM@�>=<�Q G @0@�A=<�? S BMZ�A=@�A=<�ZM>

θ
>=<cC�Z S BMB�Am? G @5L G O S i U LN>

θ̂MCP =
(
A′Σ−1A

)−1
A′Σ−1Y

ä >_CÈ>=<cC�YNi G C�> U @
θ̂MCP

>=<cC6< G BM< X Y G YÉ<!i G YN<�? S <�<0;=Z�> U BM>n` G @�Y G B�Q=>ÆZoV GqU C G BDCÈ?ML U <!O S @cC�>Æj U >ÞLN>
@ G ?�? S @cC νmax

νmin

>=BaC�@�>Þ< G ?ML U < p @ G BMZ�>n` G LN> U @6<�YNB p�U LNYN;E@�>Þ>_CÈ< G ?ML U <�?�>_C�Y\C�>�` G LN> U @�<0YNB p�U LNYN;=@0>Þ>=<cC
p @ G BMZo{ ö A=BMA=@ G LN>=iÈ>EBDCÕd�L G i G C�@�YNQ=> A >=<cC5i G L\zìQ S B�ZMY\C�Y S BMBMA=>�ú�Q=>mj U Y½<0Y p BMYîÜ$>^j U VÇYNL�>_ÛMYN<uCR> U BÞ@ G B p
p
Î÷? G @uCRYN@ÆZ U j U >=LlLN>t@ G ?M? S @uC[ZM>E<�` G LN> U @�<-<�YNB p�U LNYN;E@�>=< νmax

νk
−→ ∞ ? S�U @nC S�U C

k ≥ p
{ FHG @

Q S B�<0A=j U >EBDCÕdªL G i G C�@�YNQ=>¸YNBa`a>=@�<0> S�U iÈß=in>¸L G i G CR@�YNQ=>¸?M<0> U Z S zKYNBD`a>=@0<�>¸Z�>
A′Σ−1A

BoV S BDC-? G <
ZM>Æ<�>=B�<E{ Ý�G inA_C�: S ZM>�ZM>nC�@ S B�Q G C U @�>�Z�>=<(` G LN> U @0<!<0YNB p�U LNYN;=@�>=<!?�@ S Q=;=Z�> G L S @0<!Q S iniÈ>�< U Y\CÕ{Ú< S Y\C
(U,D, V )

L G ZMA=Q S iÈ? S <0Y\C�Y S B[>EBÞ` G LN> U @�<�<0YNB p�U LNYN;=@0>=<�ZM>(L G i G C�@�YNQ=>
A′Σ−1A

dMYW{Ç>�{

A′Σ−1A = UD{νk}V ′

S�Ï
D{νk}

Z�A=B S CR> U BM>�i G C�@�YNQE>5ZMY Gqp�S B G LN>5Z�>2C G YNLNLN>
(n, p)

Q S BaC�>=B G BDCª< U @&< G Z�Y Gqp�S B G LN>5LN>=<H` G LN> U @�<
νk, k = 1, · · · , p S @0Z S B�BMA=>=<�? G @ S @�ZM@�>nZ�A=Q=@ S YN<�< G BaCÕd U(n, n)

>_C
V (M,M)

< S BDC!ZM> U Û�i G CR@�YNQ=>=<
S @uCR: S B S @�i G LÉ>=<�`3A=@�YîÜ G BDC

U ′ ∗ U = In
>_C
V ′ ∗ V = Ip

d
In
>_C
Ip
A�C G BDC(Z�> U Ûhi G C�@�YNQE>=<mYNZM>=BDCRY\C�A=<

ZM>�C G YNLNLN>
n
>_C
p
@�>=<0?�>=Q_C�Y\`a>EiÈ>=BaCÕ{ ]mG B�<(L G inA_C�: S ZM>6Z�>!C�@ S BMQ G C U @�>ÈZM>E<^` G LN> U @�<(<0YNB p�U LNYN;=@0>=<Ed S B

Q S B�<0YNZM;=@�>^j U >^LN>=<2`a>=Q_C�> U @�<�?�@ S ?�@�>=< G <�< S Q=YNA=< G�U Ûn` G LN> U @�<�<0YNB p L U YN;=@�>=<�>=BÞZM> íEG ZoV U BÆQE>=@uC G YNB-<�> U YNL
BM>
Z S Y\`a>=BaC�? G <�>=BDCR@�>=@5Z G BM<�LWVÇ>=<cC�YNi G C�> U @={ ä >=Q=Yo@0>_`·YN>=BaClÎÈZMA�Ü�B�YN@

θ̂TV S = V Dτ (µk)U
′Σ−1Y

]mG BM<6Q=>_C0C�>ÞO S @�i U LN>
Dτ (µk)

ZMA=<0Y p B�> U BM>Þi G C�@�YNQ=>ÞZ�Y Gqp�S B G LN>ÞZ S BDCÈLN>=<6Q S >?>nQ=YN>EBDC�<6ZMY GqpDS B GqU Û
`aA=@0YîÜ�>=BDC!ð

µk =





1
νk
,
<0Y

νk ≥ τ
0,

<0YNB S B
á Bn?�> U CªZ�A=i S BaC�@�>=@�j U V U BM>�C�>ELNLN>�>=<cC�YNi G C�> U @�Z�>

θ
@0A G LNYN<0> U BnQ=>E@uC G YNBnQ S iÈ?�@ S iÈYN<ª>=BDCR@�>

LN> X Y G YN<n>_CÈ` G @�Y G B�Q=>�d&i G YN<nj U V YNL5>=<cC�<0> U LN>EiÈ>=BDCÆ< S�U <cz S ?�CRYNi G L � s >=<0<0LN>=@n>_C G LW{ Ù v�:4: å Ú»� { FTS�U @nLN>
?M@ S�X LN;=in>(Q S BaC�@ G YNBDC�d S BÔ?�> U ClÎÈB S�U `3> GqU QR: S YN<0YN@5Q S iÈin>(>=<cC�YNi G C�> U @(ð

θ̂TV SP ,
[
θ̂TV S

]+
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f�B·Ü�B�d S B²?�@�>=BMZ²Q S iÈin>[< S L U CRY S B²Z�> Ù å { v � Ú LN>Þ`a>EQ_C�> U @ θ̂ G ?�@�;=< G ` S YN@niÈYN<�Î�òEA=@ S C S�U C�>=<n<0>=<
` G LN> U @�<�BMA pDG C�Y\`a>E<={
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á BÔA=Q=@�YîC�L G ZMA=Q S in? S <0Y\CRY S B[>=B-` G LN> U @�<�<0YNB p�U LNYN;=@�>E<�ZM>

Σ−
1
2A

ð

Σ−
1
2A = UD{νk}nV ′

á B¸Z�A�Ü�B�Y\ClLWVÇ>=<cC�YNi G C�> U @ ] e < Ù ] AEQ S iÈ? S <0Y\C�Y S B¸>EB-e G LN> U @0<Ë<�YNB p�U LNYN;E@�>=< Ú ZM> θ ? G @�@ G ?M? S @uCmÎ U B
`a>=Q�C�> U @�ZM>(? S YNZM<

w ≡ (wk)k=1··· ,p
Q S iÈiÈ>
< U Y\C�ð

θ̂(w) =

p∑

k=1

wkvku
′
kΣ
− 1

2Y = V D{wk}U ′Σ
−1
2 Y

S�Ï
uk

>_C
vk
< S BDC!LN>=<

k
zìYN;=in>=<(`a>=Q_C�> U @�<�Q S L S BMB�>=<�ZM>

U
>_C!ZM>

V
@�>=<0?�>EQ_C�Y\`a>=in>=BDCÕ{ á B

ZMAEi S BDCR@�>(O G QEYNLN>=iÈ>=BaClj U >(L G i G CR@�YNQ=>
ZM>^` G @�Y G BMQE>=<czìQ S ` G @�Y G BMQ=>E<�ZM>
θ̂(w)

<=V A=Q=@�Y\C!ð

Cov
{
θ̂(w)

}
= V D{w2

k}V ′

>_Clj U >
LN> X Y G YN<�? S�U @ U B�>^C�>=LNLN>
>=<cC�YNi G C�Y S BÔZM>
θ
<EVÇA=Q=@�Y\C!ð

b(θ̂(w)) = E(θ̂(w))− θ = −V D{1− wkνk}V ′θ
>_Cl? S < G BaC

x := V ′θ
S B S�X CRYN>=BDC G L S @�<

‖b(θ̂(w))‖2 = ‖D{1− wkνk}V ′θ‖2

= θ′V D{(1− wkνk)2}V ′θ

=

p∑

k=1

(1− wkνk)2x2
k

á BÈ@0>=i G @0j U >5j U VÇ>=BÈQR: S YN<0YN<0< G BDCªZ�>=<
wk

?�>�C�Y\C�<Ed S BÈ@�A=Z U Y\CªL G ` G @�Y G BMQ=>5ZM>
θ̂
i G YN<&>=BÈinß=iÈ>�C�>EiÈ?M<

S B GqUMp iÈ>=BDCR>(< S B X Y G YN<EdM>_C�`MYNQ=>_zW`3>=@�< G { I Lo>=<cC G L S @�<�YNBDC�A=@0>=<0< G BaC�Z�VÇ>=<cC�YNin>=@
θ
>=B[@�A G LNYN< G BDC U B X�S B

Q S in?M@ S iÈYN<^>EBDC�@�>�LN> X Y G YN<^>_C(L G ` G @�Y G B�Q=>�{ Ý VÇYNZMAE> G L S @�<mZM>�LWV GqU CR> U @^Z G BM<¢� s >=<0<0LN>=@^>_C G LW{ Ù v�:4: å Ú»�
>=<cC(Z�>!inYNBMYNinYN<0>=@^L G ` G @�Y G B�Q=>�? S�U @ U B�>�Q=>=@uC G YNBM>�j U$G BDC�YîC�A�ZM> X Y G YN<
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k
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P�YN>=B6>EBDC�>=B�Z U d�C S�U C�>�L G ZMYú>�Q U L\C�A5ZM>=<&Z�> U Û G ?�?M@ S QR:�>=<&@�A=<0YNZM>5Z G B�<HLN>5QR: S Y\Û6Z U `a>EQ_C�> U @

q
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10−6 0.0031
2.5× 10−6 0.0031
5× 10−6 0.0031

7.5× 10−6 0.0033
10−5 0.0038

2.5× 10−5 0.0045
5× 10−5 0.0083
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