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Change-points detection for discrete sequences via
model selection

Emilie Lebarbier * Elodie Nédélec T

Abstract

We propose a method based on a penalized contrast criterion for
estimating the change-points in a dicrete distribution of independant
variables. The number of change-points and their locations are un-
known. We consider two minimum contrast estimation: the maximum
likelihood one and the least-squares one. In the two contexts we define
the penalty function involved in our corresponding criterion such that
the resulting estimator minimizes non asymptotically the associated
risk.

Keyword : Non parametric estimation — regression — density — Model selec-
tion

1 Introduction

Our motivation comes from DNA analysis, in particular from the segmen-
tation of a discrete sequence of letters Yy, ..., Y, taking their values in the
finite DNA alphabet {A, T, C,G}. Biologists observe in DNA sequences ar-
eas with a stability of frequencies of the four letters which correspond to
areas biologically significant. The aim of this paper is to provide statistical
methods proposing an automatic segmentation of the sequence. This prob-
lem is abundantly treated in the literature (see Braun and Miiller [3] for a
complete bibliography). Churchill [6], Boys et al. [8] and Muri [7] consider
a hidden Markov chain model assuming that the different areas of the DNA
sequence can be classified into a fixed set of hidden states.

The DNA segmentation can be also put into the framework of multiple
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change-points detection for a discrete distribution of variables. We define
m a partition of the set {1,...,n} if there exist k, a1, ag, ..., ar € N satisfying
1<a; <ag <...<ar <n such that

m=A{[l,a1], a1 + 1,a2],...,[ax—1 + 1,ax], [ax + 1,n]} . (1.1)

The problem of selecting m such that for all J € m, (Y;),c; is a stationary
sequence, is equivalent to the problem of estimating & and the change-points
ai,az,...,a; € N. Braun et al. [2] propose a penalized maximum likelihood
estimation procedure. But this approach is asymptotic in the sense that
they propose a penalty which leads to a consistent estimator of the number
of change-points.

In this paper we propose a non asymptotic procedure based on the work
of Birgé and Massart [1] about model selection which aims to estimate s
with a small risk for a fixed n. In this context, if we suppose that the true
function is piecewise constant, an estimator with less number of change-
points compared to the true one could be preferred. This estimator is also
obtained by a minimum penalized contrast procedure.

We consider Yi, ..., Y, independent variables taking their values in
{1,2,...,7} with » € N and r > 2. We define for ¢t € {1,..n} and i €
{1,2,..,r}

P(Yy=i)=s(t1),

and we have in mind that = 4 in DNA analysis. Remark that in this
context, the large size of the sample n does not mean that we take place in
an asymptotic approach since the underlying function s depends on n.

We are interested in the estimation of s by s such that for all i € {1,2,...,r}

5(t,i) =5(t,1)

for all ¢, ¢ € J and for all J segment of a "good” partition m of {1,...,n}.
This is a model selection problem since we can select m among a collec-
tion M,, of partitions defined in (1.1) constructed on the set {1,...n}. On
one hand we can see s as a vector of R™ which is the mean of the vector
(H{Yt=i})1 <t<ni<i<r where 1lI is the indicator function, therefore we have
considered first the least-squares contrast. On the other hand we can see
s as a density so we have then considered the contrast associated to the
log-likelihood.

For each partition m € M,,, we compute the minimum contrast estima-
tor of s, denoted by 3,, and we define a collection of estimators {3}, ¢, -
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If we consider the least-squares contrast, the ideal partition m (s) would
minimize with respect to m € M,, the risk

Ry (5,3m) = Es [|Is = ]
where ||.|| is the euclidean norm on R™, or the risk
R (s, 8m) = nK (s, )

if we consider the contrast associated to the log-likelihood with K denot-
ing the Kullback Leibler information. Unfortunately, the partition m (s)
depends on the unknown function s. The aim of the estimation procedure
proposed in this paper is to provide a data-driven criterion that selects an
estimator § whose risk is as close as possible to the risk of 3,,(,). Therefore,
we consider some function pen : M,, — Ry which is called penalty function.
We select

m = argmin {7 (8,,) + pen (m)}, (1.2)

meMn

where v is one contrast and finally estimate s by the minimum penalized
contrast estimator

5= 4.

The article is organised as follows : Section 2 is devoted to the presen-
tation of the model selection procedure. In this section, we first present our
model collection and give the minimum contrast estimators in a fix model
for each procedure. Then the risks of these estimators are given and proved
in Section 4. Finally we present our main result providing a form for the
penalty function and an upper bound for the risk of the corresponding pe-
nalized estimator for the two considered contrasts. These results are proved
in Section 5 and proofs used some results given in Section 3.

2 Model selection procedure

First we present the collection of models and the two contrasts, then we
construct the corresponding collection of the minimum contrast estimators
{8m}tmenm,- We give their risks and select a final estimator among this
collection by minimizing a penalized contrast. We propose a penalty and
give an upper bound for the risk of the corresponding penalized estimator.
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2.1 Presentation of models and collection of estimators

We observe Y7, ..., Y, independent variables taking their valuesin {1,2,...,7}
with 7 € N and r > 2, and we define for t € {1,...n} and i € {1,2,...,7}

P(Y;=i)=s(ti), (2.3)

where s is unknown. Let M,, be a collection of partitions of {1,..,n} defined
by (1.1) and for m € M,,, we define the associated model S,, by

w:{l,...n} x{1,...,r} —[0,1] such that
Sn=1% VJem,Vie{l,2,..,r},u(ti)=u(t,i) —u(Jz) Vit ed p,
and > . _ju(Ji)=1V Je

and note

U S (2.4)

mEMn

For the estimation procedure we consider two different contrasts:
e First the least-square contrast 1 defined by

u) = —QZZ Uiyy—iyu (t,7) + [Jul %,

i=1 t=1

for w € & where 1l is the indicator function and ||.|| is the euclidean
norm on the space R™ defined for v € S by

lul > =YY u® (t,0).

t=1 i=1

e Then the log-likelihood contrast v, defined for u € S by

t=1i=1

= =) My log[u(t,4)].

t=1 i=1

y2 (u) = —log [HH“ (t,4) 0= z}]

The minimum estimator, denoted §,,, minimizes the contrast fonction
~ over the defined model. For the log-likelihood framework, the contrast
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is 72 and the model associated to m is S,, (defined just below). For the
least-square framework, the contrast is 41 but the model is not exactly S,.
Indeed in this case s represents the mean of the vector (H{Yt:z‘})l <t<mi<i<r
and the condition that s is the probability against the counting measure on
the set {1,...,7} is not requires. The model in this case is the same as S,
without the last condition. But for a sake of simplicity, we use the same
notation S,,, for the two models.

However, in the two frameworks, we obtain the same collection of minimum

contrast estimators (8,,),,c M, Where for a given partition m € M,

_ Ny (4)

, forie{l,..,r},t € Jand J € m, (2.5)

with

Ny (i) = Ny,

teJ
and | J | is the cardinality of J.

2.2 The risk of the minimum contrast estimator on a given
partition m

To analyze the risks of the estimators defined in (2.5), we introduce a loss
function [ associated to the contrast y by the relation I(u,v) = Eq [y (v) — v (u)]
for u,v € S where s is defined in (2.3) and obtain two loss functions for our
two different contrasts. First the loss function /1 associated to 7, satisfies

hisv) = =23 % s(ti)[o(t,) —s b))+ |l = [[sl* (2:6)

t=1 i=1
= |ls—wll?

for v € §. This leads to the following first risk R; for the minimum contrast
estimator s, defined in (2.5) for m € M,,

Ry (5,5m) = E, [||s —§m||2} . (2.7)

And then for the log-likelihood contrast 7o, the loss function lo associated

to o satisfies

b (s,0) = 33 s (1) log L‘igg

t=1 i=1

] (2.5)
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for v € S. We can remark that I (s,v) = nK (s,v) where K is the Kullback-
Leibler information between s and v, since s and v can be considered as
densities against % times the counting measure on the set {1,2,...,r} x
{1,2,...,n}. So the loss function is in this case, up to a constant n, the
Kullback-Leibler information classical in a maximum likelihood estimation.
This leads to the following second risk Rg for the minimum contrast estima-
tor s,

Ry (s,5m) = Eg [nK (s,5m)] . (2.9)

Our purpose is now to evaluate the risks Ry and Ro defined respectively
in (2.7) and in (2.9). Our motivation is to provide a benchmark in order
to judge the performance of the final penalized estimator that will be de-
fined and studied in the next section. Whatever the loss function {; or Iy
defined respectively in (2.6) and (2.8), we obtain for every m € M,, the
same projection §,, of s on the model S,, defined by

Sm (t,1) = argminl(s,u)
’U,GSm

2 ey 8 (t17)

Ba (2.10)

fori e {1,...,r},t € Jand J € m.

Proposition 2.1. Let m be a partition of the grid {1,...,n}, s, be the
minimum contrast estimator of s defined by (2.5) and Sy, be the projection
of s given by (2.10). Assume that there exists some positive absolute constant
p such that:

s> p. (2.11)

1. Let Ry be given by (2.7), then
R1(8,5m) <11(8,8m) + (r —1)|m],

and
Rl (37/S\m) > ll (57§m) + p(T - ]') |m|

2. Let Ry be given by (2.9) and suppose that for all J € m
|7 | > T [log (n)]?

for an absolute constant I' > 0.  We have for all real numbers € > 0 and
a>1

Ra(s,5m) < la(8,8m) + ———— 7 |m| +
€
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and

1—¢
Ro(s,8,) = 1a(s,8m)+——— pr|m
2(5.5m) 2 bl sm) 4 o o7

_C(F7p7a7r7€)

na—l ’

where C (T, p,a,r,€) is a positive constant only depending onT', a, p, r and
€.

The proof is given in Section 4.

2.3 Model Selection

We have a collection of minimum contrast estimators {8,},,c,, and we
want to select the ”best” estimator among this collection. We consider two
different penalty functions denoted pen; : M,, — Ry for the least-squares
procedure and pens : M,, — R4 for the likelihood procedure. Selecting for
ce{l,2}

(m), = argmin {~. (5,,) + pen, (m)}, (2.12)
meMy,

where . is the contrast, we finally estimate s by the two minimum penalized
contrast estimators
:Svl = g(m)l and gg = /S\(T?L)Q (2.13)

Before giving our main result, let us see the definition of the squared Hellinger
distance

Definition 2.2. The squared Hellinger distance denoted by h? between two
positive densities p and q with respect to p is defined by

W) =5 [ (VB VD) du (2.14)

The Hellinger distance and the Kullback-Leibler information are related by
the well-known inequality

K (p,q) > 2% (p,q) - (2.15)
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2.3.1 The main theorem

The following result provides a model selection criterion based on a minimum
penalized contrast method. It gives the penalties and some non asymptotic
risk bounds on the performances of the associated penalized estimator 5.
for ¢ € {1,2} defined by (2.13). Note that in the log-likelihood case, we
assume that all partitions m € M, are "constructed on a partition” my
which means that there exists some partition my which is a refinement of
every m € M.

Theorem 2.3. Suppose that one observes independent variables Y1, ..., Y,
taking their values in {1,2,...,7} with r € N and r > 2. We define for
te{l,..n} andiec{1,2,...,r}

P(Y, =i) = s (t,i)

and consider a collection M,, of partitions constructed on the grid {1,...,n}.
Let (Lm)me/vln be some family of positive weights and define X as

Y= Z exp (—Lm|m|) < +o0. (2.16)
mGMn

1. Let K > 1. If for every m € M,

1
pen; (m) > K r |m| (4 + 2/ Ly, + 2Lm> ,

then

Rusin) <8 (XY e (1 (5.8 4 pens (m)) + K (r— 12 £
1A% = K-1 meM,, LM pem ‘
2. Assume that

o there exists some positive absolute constant p such that s > p,

e M, is a collection of partitions constructed on a partition my such
that
|J| > T'[log (n)]*VJ € mg (2.17)

where T is a positive absolute constant.
Let A > 1. If for every m € M,

1
peny (m) > X\ r|m| (2 +4 /Ly +4 Lm> , (2.18)

8
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then

2)\1/3
inf {la(s,Sm) +peny (m)} + C (3,71, A, p, 1),

Eq [nh? (s,52)] < 3375 inf

where h? is the squared Hellinger distance given by (2.14).

Now in order to evaluate the performance of the penalized estimator,
we want to compare R (s,5.) = Eg [l (s,5:)] to inf,enm, Es[le (s, 8m)] for
c € {1,2}. In the next Section we discuss this comparison according to the
choice of the weights {L,,, m € M,}.

We remark that for the log-likelihood procedure, the risk of the penalized
estimator 3. is treated in terms of Hellinger distance instead of the Kullback-
Leibler information. This is due to the fact that the Kullback-Leibler is
possibly infinite, so the comparison can not be obtained in the same risk.
However, we have the converse inequality of (2.15) up to constants whatever
||log(p/q)|lec < o0 so with an hypothesis on s we will obtain a relation in
terms of Hellinger risk.

2.3.2 Choice of the weights {L,,,m € M,}

The penalty function depends on the family M,, through the choice of the
weights L, satisfying (2.16). We distinguish two different types of collection
M.

e an exhaustive collection: M, is the collection of all possible parti-
tions constructed on a partition m; satisfying (2.17). In this context,
the number of partitions having the dimension D is bounded by (g)
Taking L, as a function of the dimension, Ly, = Lj,, leads to

n

¥ = Z e~ Lmlml — Z efDLDC'ard{m € My, |m| = D}
meM,y, D=1
" n
< —DLp
< Ye(p)
D=1

@)D
D

IA
NE
@
S
—

IN

m\
p=]
h

S
i

[
)

mw
ol
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The condition (2.16) is satisfied if we take Lp = 1+ 6 4 log () with
6 > 0. This leads to ¥ < (exp (#) — 1) 'and a penalty function of the
form for ¢ € {1,2},

pen,(m) = r|m| (ac log (m”‘) ; ﬁc) ,

where a. and (3. are some absolute constants which need to be cal-
ibrated. Proposition 2.1 and Theorem 2.3 provide the following two
upper bounds:

- For the leasts-square procedure, there exists C; and Csome absolute
constants such that

Ri(s,51) < Cilog(n) inf {l1(s,5n)+ (r—1)|m|}+C](r — 1)2

mGMTL
1
lopg(“) nf (R (3,5} + € (- 1)2.

<

However if the selected partition m defined by (1.2) is such that |m| >>
r then there exists an absolute constant C7 such that

1
< Grlos(M) b (R (5,50

Rl (87 §1)
1% meMy

- For the log-likelihood procedure, there exists Cy and C} some abso-
lute constants such that

71
E, [nh? (s, )] pg(”) inf {pla(s, 5) + prim|} + C (r,p)
Chlog(n) . N
=250 inf m ,
g mg}wn{Rz (s,8m)} +C (1, p)

with C (p,r) only depending on p and r. However if the selected
partition m defined by (1.2) is such that |m| is large then there exists
an absolute constant C? such that

< Cglog (n)

Ry (s,52) < TmleHAf/l {R2(s,5m)} -

In the two cases the penalized estimators 5. for ¢ € {1,2} have the
best risk as possible up to a log (n) factor. This log (n) should be un-
avoidable as in the Gaussian framework studied by Birgé and Massart
in [1].

10
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Remark 1. Recall that R (s, S,,) = Es [nK (s, S;,)]. However K (s,3,,)
is close to 4h?(s,5,) when ||log(s/3m)|lc < 0o and under this as-
sumption the above upper bound can be stated as follows

Es [nh2 (s,82)] < Cylog(n) g}\f/l Es [nh2 (5,5m)] -

e a reduced collection: we consider here the CART algorithm described
in [4]. The collection of partitions M,, is constructed by a recursive
procedure which consists at each step to split a considered segment
into two segments by minimizing the sum of the contrast calculated
on the two segments. The result of this procedure can be seen as a
binary tree. The collection M,, is random and the results are written
conditionnaly to the sample on which M,, is constructed.

On a first time we keep only the variables Y; with ¢ even. Conditionnaly
t0 (Y5); oyen the collection is deterministic. Taking L., as a function of
the dimension, Ly, = Ly, leads to

Y = Z e~ bmlml — Z e PEoCard{m € M,,,|m| = D}

meM D=1
n
_ 1/2(D-1)
DL
< Serp(y))
D=1
"1
< DZ_IDGD(210g2_LD)7

since for any dimension D, the number of partitions having the dimen-
sion D is bounded by the number of balanced binary trees having D
final nodes called Catalan’s number and equal to %(2%):11)). Conse-
quently, if we take Lp > 2log 2 then X < 1 and this leads to a penalty

function of the form for ¢ € {1, 2},
penc(m) =TNe T|m|a

where 7. is an absolute positive constant. On a second time we do the
selection with the variables (Y;), ,qq and we could prove paraphras-
ing the proof of Proposition 2.1 and Theorem 2.3 the two following
inequalities of oracle type:

11
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- For the least-squares procedure, there exists C1 and C{some absolute
constants such that

Eo [ls=51I* | ieven | < €1 inf  {lls = 5l + (r = 1) Iml}
+C (r —1)?
Cr . 2
< == _ Y
< =t b B [lls =Bl 09 cen |
+C (r—1)%.

However if the selected partition m defined by (1.2) is such that |m| >>
r then there exists an absolute constant C7 such that

"

cy o =
< =L inf Es |:H3 - SmH2’ (}/;)1 even

< 12
By [lls = 51| () ovon | < = inf

- For the log-likelihood procedure, there exists Cy and C) some abso-
lute constants such that

Es [nh%(s5,52) | (Y2); even | < Gy inf — {nK(s,5m) +riml}
+C (p,7)
Cs
< —= inf E4[nK (s,5p, Yi),
< == K (5,5m) | (Yi); even |
+C (p;r).

where C (p,r) only depends on p and r. However if the selected par-
tition m defined by (1.2) is such that |m| is large then there exists an
absolute constant C3 such that

Es [nhQ (87 52) | (Ytb)

] < inf Es[nK (s,5m) | (Y3)

1"
= ]
1 even p meM ieven l°
n

As we have seen, the difference between these two algorithms is the
considered collection of partitions M,. When the sample size n is small,
the exhaustive search is preferable since it visits all possible partitions even if
some partitions in this collection are not relevant. The algorithm complexity
of the exhaustive search for a model of size D is O(Dn?) by using a dynamic
programmation allowed here since the contrast is additive. However, when
the size of sample n is too large, like in a genomic framework, this algorithm
can not be runned and the CART algorithm is preferable.

12
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3 Glossary

3.1 Bernstein concentration inequality

We recall here the classical Bernstein concentration inequality.

Theorem 3.1. Let X1, ..., X,, be independent real valued random variables.
Assume that there exist some positive numbers v and ¢ such that for all
integers k > 2

. k!
S E [yxiﬂ <y 2, (3.19)
i=1 2
Let Sy, =>"" | (X; — E(X;)), then for any positive x we have
P (Sn >V 2vx + c;z?) <exp(—zx). (3.20)

Also we have for any positive x

2

P (S, > 1) < exp (—M) (3.21)

Note that if the variables X; are bounded, |X;| < b/, then assumption
(3.19) is satisfied with

v= ZE [X?] and c=1/3.
t=1

3.2 Bounds for Kullback-Leibler information

The following lemma is useful since the loss function in the log-likelihood
estimation context is up to a constant n the Kullback-Leibler information.

Lemma 3.2. For all positive densities p and q with respect to p, one has
1 ) f 1 2 f
57 (1/\€)Pd,USK(P’Q)S§ f <1Ve>pdu

if one notes f = log (%).

See the proof of this lemma in [5].

13
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4 Proofs of the evaluations of R; and R, on one
model

This section gives the proof of Proposition 2.1 which evaluate respectively
the risks Ry and Ry. For ¢ € {1,2} we have the following Pythagore type
identity with S, defined in (2.5)

le(8,58m) = 1c(8,8m) + 1e(5m, Sm ), (4.22)

where [.(s, 8,,) represents some approximation error and l.(Sy,, $;,) repre-
sents some estimation error within the model S, and where 5, is given by
(2.10). For all ¢ € {1,2}, according to the decomposition of I.(s,S,,) in
(4.22), the proof is reduced to the evaluation of Eg [l.(5, Sm)]-

4.1 Evaluation of R;

According to the definitions of &, in (2.5) and 5, in (2.10), we have

il = X3 (e300

Jem =1 teJ
And
2
E, [Zs(t,z’)—NJ(i)] = Var, an:i}]
teJ teJ
= > s(ti)[1—s(ti)].
teJ

Since p < s(t,i) < 1 Vt,i by definition and assumption (2.11), we have the
following bounds

plr = 1)m| < B [[5m = 5ull?] < (r = 1)lm]

which achieves the proof of the first part of Proposition 2.1.

4.2 Evaluation of R,

Let us see the following definitions.

14
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Definition 4.1. Given some partition m € M, and i € {1,...,r}, one
defines the statistics x2, (i) by

2 N~ N ()
Xm()_;Zter(taiy

where

Ny (D)= [Myy,miy — s(t,4)] (4.23)

teJ
foralli e {1,...7r} and J € m.

Definition 4.2. For (u,v) € S? where S is given by (2.4), one defines

S]]

t=1 i=1

The following proposition gives a control of the loss function Iy in term
of V2.

Proposition 4.3. Let m € M,,, we recall that

I (B, 8m) = Zstm (J,4) log[ Ejz;]

Jem 1=1

and

(5m> 8m) Z Z\J\sm J, i) log? [Sm Ej 2” (4.24)

Jem i=1

where Sy, is defined by (2.10) and 8, by (2.5). Moreover, for every
e >0, we set

T

o) = N2 ﬁﬁ% )
t=14i=1 Sm (6,1
= ﬂ{‘ Zs(t,i) <523(tai)}:
Jemi=1 teJ teJ

and we have on Q, () the following inequality

1—¢
2

1+¢
2

‘/;2 (§m7 gm) < 12 (gma §m) < Vf (gma <§m) .

15
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Proof. We use the result about densities given in Lemma 3.2. The loss
function is written in term of Kullback-Leibler information as follows

Smysm Z’J‘Ksm )7§m(Ja'))7
Jem

where K (s (J,.),u(J,.)) denotes the Kullback-Leibler information between
the two probabilities s (J,.) and u(J,.) on the set {1,2,...,r7}. Applying
Lemma 3.2, we have on €, (¢)

i) 2 3 30 D s () [1 0 2 g2 [ ()]

Jem i=1
1_
> LSV (s,
and
. 1 . _ . 8m (J,1) 2 [ 8m (1)
l msySm < 3 mAH 1 S 1k 5 .
imn) =52, 2 WIS (‘”){ vsmu,z)] . [smuz)
1
< ;5 V7 (5m 8m) -

We now begin the proof of Proposition 2.1. The term V.2 (5,,, 3,,,) defined
n (4.24) can be written as follows

Sma Sm

S (J,1)]? T10g (31 (J,7) /5 (J, )] ]2
ZZIJI ( .

== Sm( J z) S$m(J,1)/8m(J,1) — 1

Since ) 1
< ogT

1ve —oxz—-1"7" 1Ax
we get on the set Q,, (¢) that

QZXm < (Sm, 8$m) < 1_82me , (4.26)

where in () is given in Definition 4.1 for i € {1,...,r}. We derive from
Proposition 4.3 and the inequality (4.26) the following control of the term
l2 (Sm, §m) on the set Qy, ()

1—e¢ . l+e ,
1+€22Xm ) <12 (Sm, 5m) _WZX%@(%). (4.27)

for all x > 0,
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Furthermore, the expectation of x2, (i) is equal to

Bl ()] = 3 Ve lres M)

Jem ZteJ ( i)
— ZtGJ (tvi)]
) zte} ( S

Since s (t,7) < 1 Vt,7 and according to the hypothesis (2.11), we have

2ores Pl =5t _ ey st [~ s(t0)]
7] - 2ies s (t0)

and since r — 1 > r/2 for r > 2, we have the following bounds

<1,

r 4 .
prlml < STEL [\, (0)] < rlm]. (4.28)
i=1
Moreover, we have
1
‘ [ZQ(Sm,Sm)HQc H < nlog <,0> P (5, (e)). (4.29)

On the one hand, according to inequalities (4.27), (4.28) and (4.29), we get
the following upper bound of the risk Rs

Eq [l2(s,8m)] = la(s,5m) +Es [l2(8m, 8m) g, ()] + Es [l2(5m, 8m) Mg (o]
< Iy (s,5m) + 2(1;2)27”’7”' +nlog <;> P QS (2)).
On the other hand we get by the same way the following lower bound of the
risk Rg
1—¢
4(1+e)

“nlog (;) P(OS, (c)).

Es [l2(s,8m)] > la(s,5m) +

P, ()]

We conclude by the control of P (Q,, (¢)) given by the following Lemma.

Lemma 4.4. For every ¢ > 0, let Qp, (¢) be given by (4.25). For every
e >0 and a > 0, there exists some constant C (T, p,a,r, ) such that

C(F’p7a’r7€)

na

P (2 (e)°) <

17
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Proof. We remark that

P(Qm(e))<> > P <|NJ(¢> =) s(t,0)] >€Zs(t,i)) :

i=1Jem teJ teJ

By applying Theorem 3.1, we obtain

P <|NJ(i)Zs(t,i)| >sZs(t,i)>

teJ teJ
na &2 (Ztejg(t,z‘))z )
< 2 p( 2 (Ces s (ti) + 5 ey s (1))

2

£ ,
< 2exp (MZs(t,z)> :

teJ

Set & = —<— we have | J | > I'[log (n)]* and s > p, then

2(1+5%)
P (Q, (8)°) < 2rlm|exp (—5'pF [log (n)f) .

The result follows now from the fact that |m| < n. O

5 Proofs of Theorems about risk bounds for the

penalized estimators

By the definitions of (1), given by (2.12) and the minimum contrast esti-
mator S, given by (2.5), we obtain for ¢ € {1, 2} that

Ve (8¢) + pene ((M),) < e (3m) + pene (m) < e (5m) + pen, (m) Vm € M.
Therefore,
le (8,8c) < e (5,8m) +7e (8m) — e (3c) — pen,((),) + penc(m),  (5.30)
where 7 is defined for u € S by
Ye(u) = Ye(u) = Bs [ve(w)] -

In the general procedure, the next principal step consists in controlling
e (8m) — e (8,) uniformly over m’ € M,,.

18
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5.1 Risk bound for the least-squares penalized estimator

For the sake of simplicity in this whole section, we note y for 1, [ for l; , pen
for peny, m for (), and § for §;. Let m,m' € M,, and (u,v) € Sy, X Sy
We have

Y =3 () = 23 (Ui — s (63)] [0 (8,1) — u(t,4)]

t=1 i=1

=2 > > Nyx () [v(E,i)—u(Ji)],

Jem;Kem' i=1

where Ny (i) is given by (4.23). By Cauchy-Schwarz inequality, we obtain
for m' € M,,

2

L . Nijnk ( _ .
TR EETE TSN B S i £ O Ny ]

ymm
Jem;Kem' i=1

Definition 5.1. Given some partition m € M,, and some i € {1,...,r}, one
defines the statistics X2, (i) by

N 0
Xm(l)_z |L|

Lem

where Ny, (i) is given by (4.23).
Then,

Z Xmﬁm

where mNm/ is a partition constructed on the grid {1,...,n} and defined by
mNm' = (IN J)IEm,JEm" To bound the contrast, we need some technical
results about the concentration of the random variable Y i_; X2, (i) for a
given partition m. The following proposition provides such a result.

v (gm) - (*§m’) <2 X Hsm - Sm’H (5'31)

Proposition 5.2. Let m be a partition of {1,...,n}. For any positive x, we
have

T
P (Z%?n (i) > TT+2 r2|m]| x+mc> <rexp(—z).

=1

19
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Proof. We would like to apply Bernstein Theorem 3.1, so we need to control
the expectation of the variables Y2, (i), and their moments of order p > 2,
forie {1,2,...,r}. Fixi € {1,2,...,r}, we have

. 1 .
Es |:X72n (Z)] = Z mvars [N (4)]
Jem
1 . .
= ZmZS(t,Z)[l—S(t,Z)]
Jem teJ
_ Iml
—_ 4 M
For every J € m and every integer p > 2, we have
———2 P
Ny (3) 1 —2
Es = Es || N p
7] ] e[| N P
1 too 9 —
= — p—1 N | >
| ’p/o (2p) = P(|NJ(2)|_x>d:L‘.

Hoeffding’s inequality provides a subgaussian type inequality for Ny (i): for
any positive z we have

P(I Ny (i) > x) < 2exp <—|2§2|> :

Therefore
Ny (’6)2 ' 4p T 1 22°
p— _
5| T ] s e ()
4 “+o0 2
< 4—]; u? L exp (_u) du
0
Moreover
“+o00 u2 “+o00
/ u?PLexp (—2> du = 2p_1/ uP~ L exp (—u) du
0 0
_ 2p—1p!
then
Ny (i) dp 1
< 2Pyl
< ph

20
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It follows that for every p > 2

S,

Jem

2|m| .

———2 |P
Ny (i) <]i!
|| — 2

By applying Bernstein inequality recalled in (3.20), for any positive x one
has

.,
P(Z Ns @) TH\/ m| x+m> <exp(—z),

Jem ’J|

and by summing in ¢ € {1,2,...,r} we obtain the result of the proposition.
O

We prove now the first part of Theorem 2.3. Fix m € M,,, let £ > 0 and
for every m’ € M,, consider x,y = L_,|m’| 4. We introduce the event

Qe = {vm' € M, > Koo (i) < % (Im] + [m]) + 23/7 (Im| + |[m/]) 2pr + mm,} :
=1

We sum up the resulting inequality of Proposition 5.2 over all m’ € M,, to
provide

P (Qg) <r Z exp (—x,y) = r¥exp (=£),
m'eEMp,

since |m Nm/| < |m|+ |m'|. Now, we will use the following inequality which
holds for any positive number # and any numbers a and b :

2ab< a0 v (5.32)

Fix n € (0,1). Using twice the preceeding inequality, we derive from (5.30)
and (5.31) since ||u — 5, || < ||s — ul| + [|s — 5 ||, that on Q¢

n°|ls — 37 (5.33)
< (L=n+n"")ls = 5nll* + pen(m) — pen(in)

T |1
+< —n> ) [4+Z+2~/Lﬁl+ 2Lm]

1

()i ] (55) e fle

Using again repeatedly inequality (5.32) one derives that

2/l ) e < 2| /T | o+ 2 4 e [14 7] 4 S

21
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Combining inequality (5.30) with (5.33) and the previous one applied to
m/ = 1, we deduce on ¢ that

lls =387 < (L=n+n7")lls = smll* + pen(m) — pen(in)

r |1
+< —n> ) [4+Z+2\/Lm+ 2Lﬁ]

NS TN R

1
pen (m) > K r |m| (4 +2v/ Ly, + 2Lm) ,

then choosing 7 such that K = (1+7) /(1 —n),ie. n=(K —1) /(K +1)
one has the following inequality on the set {2¢

K—-1)° N K2 + 4K — 1 )
() ls—3 < ()|s—smr|2+pen<m>

Since

K+1 K?2 -1
6K +4 K+1
—— ) (9K + 7) r€.
+< 3 )r\m|+(2(K_1)>( +7)re
Since
6K +4 5 K+1 K+1
< -K _— K <8K | —
5 =1 ’(2(1{-1))(9 <8 <K—1)’
and

Kr|m| < 4pen(m),

K+1\?(K?+4K -1 o
K—1 gz )llsmll

+ (gji)Q [apen<m> 8K (gj) r{]

8(K +1)3
(K —1)°

then we get on {2¢

[y

IN

[]s — 5ml|? + pen (m) + Krg] .

Integrating this inequality with respect to £ and minimizing the bound over
m € M,, we achieve the proof paraphrasing the method of Birgé and Massart
in [1].
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5.2 Risk bound for the log-likelihood penalized estimator

As in the preceeding Section, we note vy for vy, I for I , pen for pensy, m
for (m), and 5 for 5. Contrary to the least-square procedure estimation,
following the work of Castellan [5], we control the term 7 (5,,) — 7 (8,/) by
decomposing it as follows

Y Gm) =7 Gm) = FGEm) =T Gm) +7(5) =7 (Smr)  (5:34)
+5 (5m) =7 (s)-
First we give in the following Section some results essential for the control

of the risk of the penalized estimator § in Theorem 2.3.

5.2.1 Exponential bounds

The first result gives a concentration inequality of the random variable
S x2, (i) where X2, (i) is given in Definition 4.1. The idea is to con-
trol "1, X2, (4) for a fixed partition m € M,, by Bernstein Theorem on a
event where §,, (¢,7) is close to 3, (¢,7) for every t and i.

Proposition 5.3. Fiz a partition m defined in (1.1). For any positive real
numbers x and €

P (Z X (1) lo,, o) =rlm|+8r (1 + %) \/M—l— 4r (1 + E) x)
i=1

3
< rexp(-z)
where Qp, (€) is defined in (4.25).

Proof. We would like to apply the Bernstein concentration inequality re-
called in Section 3.1 to

() = 3 Z(1,3),
Jem

for a given ¢ € {1,...,r}, where

L N
HR DRI
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and Ny (i) = > e []l{ytzi} — s(t,1)]. We set Ugy,—iy = Uygy,—; —s(t,i), and
according to inequality (3.19), we have to control the moments of Z (J,1).
For every p > 2 we have,

E, [Z (1) g, ()]

= 1/+°° (2p) 22~ 1P {|Z]1{YZ} > x} N (6)] da
[Ztejs(tvi)]p 0 o r=i}l =

|ZM| > fU] dz.

1 EZteJ s(t,%)
< ™~ _/, NP / (2p) l’2p—1P
[ZteJ s (t, Z)] 0 teJ

By applying inequality (3.21), one obtains for 0 <z <e), ;s (t,1)

. 2
| Iyy,—iy| > 2| < 2exp| —z75 -
; ! } 2 (§ + ZteJ s (t, Z))

1,2

Therefore

E [Z (Jv Z)p Hﬂm(a)]

< 1 €2 e s(ty) Apg2P-1 x2 d
> T~ . pT exXp | — - x
[ZteJ s (t, Z)]p 0 2 (1 + %) dotes s (tii)
“+o00 2
< 4p (1 + €>p/ u? exp )
3) J, 2
ENP +o0 o1
< 4p (1 + §> ; (2t)P" " exp (—t)dt
ENP
< ortly, (1 + 5) p!
and

p +1 \?
%E (J,19) HQ()]§2p p(1+3> p! X |m|.

Since p < 2P71,

ST, [Z (i) g, ()]g%!x [25<1+§)2\m]] x(4<1+§>)p_2.

Jem
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Moreover E [xZ, (i)] < |m| (see the proof of the inequality (4.28)) so we get
for every positive x that

(ZZ () g, o) > | +8 (1+ ;)\/QM+4(1+Z)$)

Jem
< exp(—a).

We conclude the proof of Proposition 5.3 by summing in i € {1,...,r}. O

The second result given in this section is an exponential bound of 7 (s) —
7 (u) for every u € S. Here we control the contrast as a function of Hellinger
distance instead of Kullback-Leiber information which is possibly infinite.

Proposition 5.4. For every u € S and any positive x,
P (7(s) =7 (u) > nK (s,u) — 2nh? (s,u) + 2zr) < rexp(—z),

where

~ B L u(t,q)
(s) 7 (w) = Ty lo ay
L ;Z (=i} g[sct,w]

and h? is the Hellinger distance defined by (2.14).

Proof. Let a positive number a. By Markov inequality, we have for ¢ €

{1,...,r}
N u (t,1)
P ]l —i 10 - Za
(g (= g[sm)] )

< exp —;+log< s |exp [;; Ny, —y — s (t,i)) log [Zg:g]”)]
< exp _;+;Zs(t,i)log [Z((?,ZH

L1 o [provma s [15:5]]

Let t € {1,..n} and i € {1,...,7}. We have

E, {exp{ Ly og[ ((zj))m = D i) (- s ()
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Then

log (Es [exp [;ﬂ{Yz:z’} log [ZLEE zl))HD

< —s(t,i) [1— Z((ttz))]
< % [u (t.0) — s (t.0) — (Va0 ~ Vu (t,i)>2] |

If we choose for x positive real number

a = 2x+zn:s(t,i)log [Z((ig]

3

t=1
then
P i]l n lo u(t0) >a| <exp(—x)
o {v;=i} 108 s (t, Z) = > exp )
and we conclude the proof by summing for i € {1,...,7}. O

5.2.2 Proof of Theorem for the likelihood procedure estimation

According to the decomposition (5.34), we control first the two terms :
7 (5m) =7 (s) and 7 (8mr) =7 (8r)-

e Control of the term ¥ (8,,) — 7 (s). We have to control
Es [(7 (5m) =7 (s) N, ()] = —Es [(7 (5m) — 7 () g, 0] -

and we bound this expectation by

[Es [(7(5m) =7 () L, ()] |

IN

IE [(7 5m) — 7 (5)) e 0)]|

<;> P (2)°).

We use the result of Lemma 4.4 and we obtain a constant C; (T, p, 7, )
such that

IN
S
3
<)
V]

Es [(:Y (gm) -7 (8)) ]lﬂm(g)] < Cl (F7 P, 5) : (535)
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e Control of the term 7 (5,,/) — 7 (8,,7). We write for m’ € M,,

i=1
By Cauchy-Schwarz inequality,
Y (8mr) =7 (5 (5.36)
vy CaTom)
i=1 Kem/ 2orex s (61)
< g X2 (1) X Vi (87, S -
i=1

where Vj is defined by (4.24) and X2, (i) given in Definition 4.1. First
we have to bound

by the concentration arguments proposed in Proposition 5.3 and then
we have to use the relation between V.2 (8., 5,) and I (8., 8pr) €x-
posed in Proposition 4.3. On Q,, (¢) with m; satisfying (2.17) we
have for all m’ constructed on the partition m

—1’§E

for all t € {1,...,n}, and ¢ € {1,...,7}. Therefore according to the
inequality (5.36) and Proposition 4.3, we have on {,, (¢) that for all
m' € M,

1= El (Smts Sy )-

Using inequality (5.32) with 6 = (1 +¢) /(1 — €), we obtain on Q. (¢)
that for all m’ € M,,

L . 1/1+e\ = o . 1 o
W(Sm’)_y(sm’)gi 1—¢ ;Xm/ (Z)+17_|_5l(8m/’8m/)'
1=
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We now introduce the following event defined for positive &

<rim| +8r (1 + 5) /am [m/| + 47 (14 §) 2y, V' € M,

where @,y = Ly |m/| + £ for all m’ € M,,, with L,,» chosen such that
the condition (2.16) is satisfied and X2, (i) is given in Definition 4.1

for all i € {1,...,r} and for all m' € M,,. We get on € (§) that for
all m' e M,

RICERICIE S
< 5 (155 [+ (14 5) VTE + 917
+2r<ii> (1+5) (/| Low +©)

! (gm’a §m’) ]lme(s)'

14¢

By the C, inequality with 7 = 2 (Jz + y|/2 < |z|*/? + |y|'/?) and by
using inequality (5.32) with 6 = §, we obtain on € () that for all
m eM,

[’7 (gm’) - (ém’)] ﬂme (e) (5.37)

s ;<1+§> [ () o)

+ € € 4 1

Let us ﬁnally control [ (s, 8) on the set Qy,, (5) in defining the set
={3(s) =7 Gpy) < nK (5,55) — 2nh (8, Sp) + 2Ty, Ym' € My}

Combining inequality (5.34) with (5.37) applied for m’ = m, we obtain
on €y (£) N Q2 (£)

[(s,3) ]lme(E) < 1(s,8m) +pen(m)—pen(m)+ R Hme ©)

+ r|m|C(e) [ +4v/L +4L]

+ 2r§[1+<1_5) )<1+4>]
n {nK(s ) — 2nh? (s, 8m)+1}rl(8m’ )] g, (o)
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where
R=75(m) =7(s), (5.38)
and
Cle) = {Kii) (1+s(1+6))} v {(i‘f}},
- <1J_rz>(1+a(1+a))

< 1+¢ ’ .
- 1—¢
Then we use respectively the following different relations:

e the relation between the loss function and the Kullback-Leibler infor-
mation: (s, §) = nK (s, ),

e the following Pythagore’s type identity
K(s,8) = K(s,83) + K(54,9),
e the relation between the Kullback-Leibler information and the Hellinger
distance given by (2.15),
e and the following inequality
h?(s,3) < 2 [h*(s,8m) + h*(5m, 8)] -

We obtain according to the form of the penalty given by (2.18) and since
e/(14+¢e)<1lonQ(§)NQ(E)

€
1+4¢

nh?(s, 3) ]lme(E) < nK(s,5y,)+pen(m)+ R ]lme(E)

1 1 3
+ ol [2+4\/Lm+4Lﬁ,} (;:) —)\]

+ 2r§[1+<ii> (1+§) <1+g>].

We take e such that A = ((14¢) /(1 —¢))?, i.e. e = (A3 —1) /(A3 4+1),
and bound

2[1+<1fi> (1+§) <1+§>] §16<5(11+_65)>3.
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We have on 4 (£) N Qs (€)

) ~ 2)\1/3 -
nhi (s, 5)la,, o) < i V(5 5m) +pen (m)]
2\1/3 K13 _q
7A1/3 1 R ]lme(a) + 16ré K (K1/3 1 .

Since we derive from Propositions 5.3 and 5.4 that

P () < r Z exp (—pm)

m/eMy
ad P(2(69) < r 3 exp(—m),

m/'eMpy

we deduce that
PO TURE) <2 Y exp(—am) < 2Texp(—6),
m’GMn

thus P (1 (§) N2 (€)) > 1—2r¥exp (—£). Now integrating this inequality
with respect to £ and the control of Eg [R]lme(E)] given by (5.35) where R
is defined by (5.38) allow to conclude that

~ 2\1/3 _
E, |nh® (s, 3) ﬂme(a)} < B [l (s,5m) +pen(m)] + C (3,7, K,p,T,¢).

Furthermore, with the control of P (Qm ; (e)c) given in Lemma 4.4, there
exists a constant Cy (I, p, 7, ) such that

E, [mﬂ (5,5) uﬂmf(g)c] <C(T,p,re),

since h? (s, 5) < 1. Hence, we conclude that

2)\1/3
< -
A8 -1

and minimizing the bound over m € M, we complete the proof of Theorem
2.3.

E, [nh2 (s, 5)] [l (s, 8m) +pen (m)]+C (Z,r,K,p, T, ¢),

6 Conclusion

In conclusion, in theoretical point of view the proof of the risk bound in
the likelihood procedure needs some more technicals points. So in the case
where the problem can be put into the least-square framework, the least-
square procedure is preferable.
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